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Integer Programming Based Optimal Side Jets Ignition Combination for
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Abstract: The ignition logic of Reaction Control System (RCS) is one of the core issues of the precision and blended
control combined aerodynamic force and reaction force of the advanced guided weapons. Firstly, a side-jet model based
on the American Patriot Advanced Capability-3(PAC-3) missile was established, and a calculation method based
on the equivalent forces, which convert the positional deviation of the thrusters to the deviation of the equivalent forces,
was proposed. Considering the side-jets constraint, the ignition logic is transformed into a mathematical problem based
on 0-1 integer programming. To deal with the high complexity of traditional algorithms for 0-1 integer programming
model, restrictions of the thruster efficiency, was introduced to reduce the complexity of the algorithm and the
computation time. Finally, simulation results indicate that this algorithm can satisfy the requirement and find out a better

solution.

Key Words: Integer Programming , Blended Control ,Reaction Control System (RCS), Ignition Logic

1 INTRODUCTION

The new generation of ballistic missiles and near-space
weapons carries out the attacks through aerial invasion,
high Mach number speed reentry and mobile penetration.
Those targets fly at rarefied atmosphere airspace, leading to
that the aerodynamic effects on traditional intercept
weapons are poor in mobility and the overload response
time is too long. Thus the success rates of interception drop.
For this reason, the paper introduces the blended control
combined aerodynamic force and reaction force, which
needs to apply the RCS thrusters or divert and attitude
control system in the missile body controlled by an array of
single shot, high thrust, short duration and solid propellant
rocket thrusters [1, 2], such as the missile of American
Patriot Advanced Capability-3(PAC-3) consisting of 10
rings of 18 RCS thrusters.

The control of reaction force is actually a combination of
all thrusters, which is influenced by the thruster efficiency,
control accuracy and other factors. The difficulty lies in that
the current RCS thrusters mostly are not adjustable and it is
difficult to adjust the side jet forces continuously. Besides
each one of the RCS thrusters cannot work twice because of
its single shot. Then how to combine the RCS thrusters is
one of the key issues on the blended control combined
aerodynamic force and reaction force.

Reference [3] gives out a symmetric ignition algorithm.
In the direction of side jet force on the demand, the selected

This work is supported by Aviation Science Foundation of China.
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RCS thrusters are symmetrically fired. Its advantage is that
it is convenient to solve the solution and the symmetry
ignition can greatly reduce the effects of side jet
interference. However, in the process of the continuous
ignition, if one of thrusters has been used, the other one in
the symmetrical position will not be available. It will reduce
the efficiency of the thrusters. In Reference [4], the
algorithm model is simplified that the force of side jets and
the desired force are all integer. Thus the algorithm is
difficult to meet the demand of engineering practices with
large complexity. Reference [5] provides the process of
ignition conditions and ignition logic. However, it only
proves the correctness of the algorithm, and it is not
optimized of its ignition internal algorithm logic.

Considering the characteristics of the RCS thrusters, the
paper uses the method based on the equivalent forces and
0-1 integer programming model to solve the ignition logic.
Besides, since the complexity of traditional algorithms for
0-1 integer programming model is very large, the paper
adds restrictions on the thruster efficiency to reduce the
amount of data related to the RCS thrusters and reduce the
complexity of the algorithm under the premise of ensuring
the results meet the requirements. Finally, we take the
PAC-3 missile for example. The paper builds a simulation
model about the ignition logic of the RCS thrusters based
on 0-1 integer programming algorithm, and gives out the
simulation results and conclusions.
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2 PLACEMENT OF RCS THRUSTERS
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Fig 1.Schematic of PAC-3 missile
Figurel is the schematic of PAC-3 missile in the body
coordinates system (Oxyz). The RCS thrusters are
consisted of 2N rings of M thrusters. Thus the number of
the RCS thrusters is 2NxM. L represents the width of RCS,
L1 represents the distance from the area of RCS to the
warheads and L2 represents the distance from the area of

RCS to the barycenter in the X-axis direction.
Acx Reference
- position (x axis)
O O

........... O olo o .

o O O O O :
o O

1 2M 2M-1 2M-2

Fig 2. .Placement schematic of RCS thrusters

Select a column of thrusters in the x-axis in the x-y plane as
the reference position as shown. For the convenience of
calculation and numbering, define the two adjacent rings of
the thrusters as one layer. So there are N layers thrusters
with 2M thrusters in each layer. As shown in Figure 2,

starting from the reference position in the direction towards
the warhead, the thrusters of the first ring are numbered

counterclockwise as 1,23 .., 2M. AL represents the
distance between two adjacent rings of the thrusters in the
X-axis direction and A represents the distance between

two adjacent columns of the thrusters that the direction is
perpendicular to the X-axis direction.

L
2r T
o=—=—

Let the average jet force of a single thruster be /7, ,then the

moment of one thruster, whose index of the ring is ‘i’,
relatively to the barycenter is

M, =F,[L+AL(i-1)],ie[1,2,,2N] ©3)
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3 DESIGN OF IGNITION LOGIC
3.1 Equivalent forces of RCS

—{

Fig3. Schematic of longitudinal projection about RCS
All thrusters will be projected onto the same circumference,
that the index of the layer is N, as shown in Figure 3 in the
direction towards the warhead.
Taking the consumption of RCS thrusters into account, the
barycenter of the missile is changing. When calculating the
equivalent forces, the paper uses the warhead as the
reference point instead of the barycenter.
Before the projection, the distances of the different rings of
thrusters to the warhead are different, so the moments
generated by the different rings of thrusters are different.
And the distances of the different rings of thrusters to the
warhead are same after the projection. Note the equivalent
of forces as:

L +AL(i-1)

-
Ll

F.ie[1,2,--,2N] > (4)

where F » is the average jet force of a single thruster, I the

index of the thrusters. Then the equivalent forces matrix of
thrusters can be defined as:

FJl,l FJl,Z F‘/'I,Nfl FJI,N
FJZ,I FJ2,2 FJ,N*I FJ2,N 5
F=| Lo : - G
Lo R o
L sz,iw Fng/I FszV/I—l sz’g domxn

After the equivalent calculation, the changes of moments
generated by the different positions of the RCS thrusters are
regarded as the changes of the side jet forces. And the
calculation process is also simplified.

3.2 Work area of RCS

For the convenience of analysis, the desired side jet force

command F, 2@, is given out. As shown in Figure 4, F, is

the value of the desired side jet force and Hc is the angle
from the reference position to the desired command

position of F in a counterclockwise direction.

2014 26th Chinese Control and Decision Conference (CCDC)



Desired Force Fe

Igniticn Center

Fig 4. Determination of Ignition Center

According to the reaction effect of RCS, the angle of the
ignition center is defined as @ = 6, + 77 ,which is from the

reference position to the center in a

counterclockwise direction.

ignition

After determining the ignition center, select the adjacent
columns of thrusters as the effective work area. This area
determines the number of thrusters involved in ignition
logic. Because of single shot of RCS, in order to improve
the utilization efficiency of RCS, introduce the work
efficiency of the RCS thrusters for evaluation.

The definition as stated in the second section, the
intersection angle between the reference position and the
m-th column is

6, =(m-1)Aa . ©)

The intersection angle between the ignition center and the
m-th column is

A6 =6-0, . %
Since the equivalent forces of RCS thrusters in the same

column are different, the formula (5) can give out the
equivalent forces of the m-th column.

FJm:[FJrfIlvFJrflza"'aFJ’,nNJ (®)
Then, the vector decomposition of this column in the

direction of the ignition center (define it as y axis, and the
direction that deviated from the missile is positive) is:

iv,m = ﬁJm cos(A6G)) . 9)

The vector decomposition of this column in the vertical
direction of the ignition center (define it as x axis, and the
right direction is positive toward the warhead) is:

Sfonm =F/sin(A6),). (10)
Through the vector decomposition, it will be seen that the
greater of the angle to the ignition center, the smaller the
projected moments component in the direction of the
desired command. And it shows the cosine relationship.
Then let the work efficiency of the RCS thrusters be

nk :COS(Hk) . (11)
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The direction of the The vertical direction

e : of the  Ignition
Ignition Center(y
gnition er(y axis) ter(x axis)
¥ x
8
5

Fig 5. The vector decomposition in the position of the ignition center

Thereinto o is the intersection angle between the ignition
center and the k-th column of thrusters.

Let the index of the RCS thrusters which is nearest to the
ignition center be m:

m=round(6/Aa)+1 ,

where the ¢ round() » represents rounding. Select o
columns from each side of its left and right as the work area
of RCS as shown in Figure 6.

(12)

Ignition Center

Fig 6. Diagram of thruster efficiency
This ensures that the high efficient RCS thrusters will be
used and the work efficiency of the thrusters in this region
satisfies the following formula:

n. 2005((5+0.5)A0{),ke [m-6,m+6]. @13)

It will avoid the waste of energy through this method and
improve calculation efficiency.

3.3 Integer programming model

Because the RCS thrusters work in a single shot style, in
order to ensure these thrusters are available, the state
information of thrusters need be updated in real time. Let
the matrix X be the state information matrix of RCS.

1 1 1 1
X Xy o Xy Xy
2 2 2 1
X X, Xy Xy
X=| : : (14)
2M-1 _2M-1 2M-1 _2M-1
X X, Xy Xy
oM oM 2M 2M
L X X, Xy RS FYVY

i
J represents the state of RCS at the i-th column and the
j-th layer. It represents this thruster has been used at this
i i

position if 7 =0 and it has not been used if / =1.
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Furthermore, according to formulas (11) and (12), the state
information matrix of available thrusters is just as follows:

Ny 0 i¢[m—-9J,m+J]
=1

ie[m—9,m+4d]’
where k is the number of thrusters which are available in
the work area.

15)

S

2 N
(16)

k= le

i=l

]
LN

It indicates there are k thrusters which are involved in
ignition logic.

-i)c:[j;c,l’f:c,2’.“’j;c,k] (17)
Fo=Unsfoasr s fos] (18)

Formulas (17) and (18) are respectively the projection of
the equivalent forces of thrusters in the direction of x axis
and y axis.

T
9=19:%>--91-9.] -q,€{0,, (19

Formula (19) is composed of the state variables of the
thrusters involved in ignition logic. The corresponding

thruster will be selected if ¢, =1 and it won’t be selected if
q,=0.

Then the ignition logic of RCS is transformed into a

mathematical problem based on the 0-1 integer
programming model:
k k
min z = Z fi,yqi max z = Z fi,yqi
k k

(1) s.t Zfi’yqi 2 F, (2) s.t Zfi,yqi <F., (20

> f.a|<AF, > f.a|<AF,

g€ {0,1} q,€ 10,1}

where A€ [0,0.5] and it represents a control coefficient
of the component of the resultant forces produced by RCS
in the vertical direction of the ignition center. And the size

of A limits the maximum value of the error between

. F
resultant forces and the desired force ™ ©.

Model (1) in the formula (20) means that the algorithm
approaches the optimum solution from the direction of

greater than F, . Zk:f. 4,2 F, and‘z fi,xqi‘ <AF, are

i

respectively the restriction of desired force in the direction
of ignition center and its vertical direction.

Model (2) in the formula (20) means that the algorithm
approaches the optimum solution from the direction of

smaller than F, .

The approximation algorithm consisting of both sides can
get the optimum solution and effectively prevent falling
into local optimization.

0-1 integer programming algorithm is based on the branch
and bound method. Branch and bound method is a very
common algorithm for solving integer programming
problems, which is based on the enumeration method. Its
basic idea is as follows.

Firstly, the optimal solution of the linear programming
which is corresponding to the integer programming is
calculated without considering the integer restriction. If the
solution is integer, this solution is just the optimal solution.
And if not, one of the variables which are not integer is
chosen optionally to construct new constraints. Meanwhile
parts of the solutions will be excluded which are not
integer.

Then, the newly constructed linear programming is solved
after reducing the feasible region.

Finally, the optimal solution of the original integer
programming is got by solving a series of linear
programming problems.

4 SIMULATION RESULTS AND ANALYSIS

For comparison, the paper sets PAC-3 missile model as the
reference object and references the data from Reference [3]

for simulation. N =5 and M = 8 are layout parameters of

RCS; L =0.41m is the width of RCS, L1=1.232m s
the distance from the area of RCS to the warheads and

Fp=238.92N is the average jet force of a single
thruster.

(1)The size of £, ranges widely from small to large and it is
representative. The simulation results are as follows.

Tablel. Simulation Results

Desired Force Side Jet Number of
FC Force Error Thrusters
300 300.7617 0.25% 1
400 413.8216 3.46% 2
700 699.2149 0.11% 3
1000 999.7847 0.02% 4
1500 1499.5 0.00% 6
2500 2501.5 0.10% 9
4000 3997.3 0.10% 15
6000 6002.4 0.00% 23

Through the comparison of data in the Table 1 and the
results from Reference [3], it indicates that the errors of
results obtained by this algorithm are obviously small.

In addition, through the comparison in Number of
Thrusters, we can find that 62.5% of the results are better
than those in Reference [3], 12.5% are the same and 25% of
the results are worse while the gap is just less than one.
(2)In order to verify the reliability when the algorithm is
applied to engineering practices, the paper gives out the
simulation when it is working continuously.

2014 26th Chinese Control and Decision Conference (CCDC)



The following ten sets of data are different and range
widely from 0° to 360° .And the desired forces are also
different, which range from 300N to 6400N covering all the
allowable range.

Table2. Simulation Results

Desired Side Jet The Cumulative
Force F Force Error Number of
c Thrusters

300 300 0.00% 1

1011 1011.7 0.10% 4

1722 1722.3 0.00% 10
2433 24323 0.00% 19
3144 3143 0.00% 29
3855 3858 0.10% 44
4566 4562.7 0.10% 57
5277 5278.8 0.00% 75
5988 5746.7 4.00% 93
6199 6199 0.00% 114

For the continuous work of RCS, there are almost no
simulations given out up to now. And through simulation
analysis of this paper, the errors of the results given by the
algorithm are obviously very small. Besides in these ten
sets of data, nine errors are within 0.1%, and the maximum
error is also less than 5%.

5 CONCLUSION

This paper gives out the innovated ignition logic of RCS
based on 0-1 integer programming algorithm. Meanwhile,

2014 26th Chinese Control and Decision Conference (CCDC)

the simulation to the representative data, comparing with
the results from Reference [3], proves that the algorithm of
this paper has the advantages in small error, consuming less
number of thrusters and high efficiency of the single
thruster. In addition, considering the engineering practices,
the paper conducts a simulation to the ignition logic of RCS
and gets better results. The results show that the errors are
in allowed limits while the number of thrusters and engine
efficiency are all optimal. Finally, it is obvious that the
algorithm provides a feasible reference method for further
applications in engineering practices.
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