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A Bi-bandwidth Extended State Observer for System with
Measurement Noise

Lilei Liu, Lingyu Yang and Jing Zhang

Abstract— Although traditional Extended State Observer
(ESO) can efficiently estimate the total disturbance of the
system theoretically, observation may diverge from the actual
system when the measurement noises exist, due to the sensibility
of such high-gain-observer to noises. The trade-off between
transient property and denoise capacity of ESO considerably
complicates the tuning of gain parameters. Taking this into
account, we proposed a novel ESO-based approach, the Bi-
bandwidth ESO (BESO), which uses direction information of es-
timation error rate to tune the bandwidth of ESO dynamically.
Numerical comparisons among the LESO, NESO, and BESO,
are given to demonstrate the effectiveness of our proposed
approach for tackling observation issues with measurement
noises.

I. INTRODUCTION

Because of the inaccurate model and various inter-
nal/external disturbances of practical physical systems, the
performances of traditional control techniques requiring pre-
cise model may degrade, and the closed-loop system based
on them may even fail[1]. To cope with this problem,
employing model-free control techniques is of great impor-
tance, of which the Adaptive Disturbance Rejection Control
(ADRC) is a typical one. Because of its easy deployment
and considerable robustness, the last two decades have been
witnessing the broad and successful application of ADRC in
various industrial fields, such as DC-DC power converter[2],
gasoline engines[3], and flight control systems[4], [5].

As a cardinal component of ADRC architecture, the
elaborately designed and employed Extended State Observer
(ESO) has gone beyond the category of ADRC into a general
compensation technique. Just like ADRC having a model-
free property, an ESO is also a model-free method (from
which the model-free property of ADRC originates), which
packs modeling uncertainty between nominal model and
the actual system, and internal/external disturbances as a
total disturbance without discrimination and estimates system
state and total disturbance simultaneously. Generally speak-
ing, the traditional ESO has two classes, namely Nonlinear
and Linear ESO (resp. NESO and LESO). The difference
between those two is mainly in the form of error feedback
function.

In Han’s monograph about ADRC[6], an NESO with
a elaborately designed nonlinear error feedback function
fal(τ, α, δ) is proposed. A few qualitative parameter selection

This work was supported by National Nature Science Foundation of China
under Grant 61273099 and Grant 61304030

Authors are with School of Automation Science and Electrical Engineer-
ing, BeiHang University, XueYuan Road No.37, HaiDian District, BeiJing,
China yanglingyu@buaa.edu.cn

methods, such as the simulation-step-based method and the
Fibonacci-sequence-based method, are discussed. A recent
work gave a rigorous proof about the stability and con-
vergence of NESO, then proposed a quantitative parameter
selection strategy according to it [7]. This strategy guarantees
the stability and convergence of NESO. However, the balance
between transient performance and denoise capacity still is
not discussed and remains an open issue. The calculation of
various kinds of bounds brings additional labor for designers
without making a deterministic difference to this object.

Although a NESO is more efficient than LESO[6], which
can achieve as comparative performance as LESO with
considerably low gain, the wider used ESO is still its linear
counterpart because of humans’ mind preferring sticking
to a linear form. The error feedback functions in LESO
degrades into a linear form. When talking about turning
LESO, we refer to change the so-called bandwidth of it
to adjust the characteristic equation to a preferred form
(s+ω)n+1[8], which is also known as a high gain observer in
other articles[9], [10], and the convergence of it is discussed
in [11]. Except for the widely used bandwidth approach, a
modification of LESO, the Adaptive ESO (AESO) proposed
in [3], can dynamically alter the gains according to the
noise covariance. The numerical example indicates that the
bandwidth-based method maybe not optimal when measure
noises exist. Also, an LMI-based L2 observer gain design
method is discussed in [12], which guarantees the upper
bound of the ratio between 2-norms of unknown external
input and estimation if the nonlinear dynamics of the plan
satisfies the so-called incremental quadratic constrain[13].
However, such a robust approach may impact the transient
property, and the denoise capacity is not mentioned in it.

In all those Luenberger-like observes, including LESO, a
higher gain always brings a satisfying transient performance.
However, since the measurement noise is omnipresent in any
detect techniques, the noise mingled with the measurement
can be amplified into a super high level. Nevertheless, if we
try to choose a low gain to attenuate this amplification, we
must sacrifice the transient property to some extent. Trying
to find a balance between denoise capacity and transient
property, a novel Bi-bandwidth ESO (BESO) is proposed
in this paper, which is the main contribution of this paper.

The structure of this paper is as follows. Firstly, we
introduce preliminaries and problems in section II, where
the macro aspect of ESO is discussed. In section III, the
BESO is proposed, and the existing approaches are also
listed as comparisons, which is followed by a numerical
example to demonstrate the effectiveness of it in section IV.
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TABLE I
COST FUNCTIONAL

estimation

state Jes
1

T

∫ T

0
||x � x̂||2dt

disturbance Jed
1

T

∫ T

0
||f � f̂ ||2dt

tracking Jer
1

T

∫ T

0
||xc � xr ||2dt

Furthermore, the conclusions in section V put an end to this
article.

II. PROBLEM FORMULATION

Multiple Inputs and Multiple Outputs (MIMO) systems
with parameter uncertainty, disturbance, and measurement
noise can be formed as (1) and (2).

ẋ = Ax + Bu + ∆Ax + ∆Bu + d︸ ︷︷ ︸
f

, (1)

{
xs = x + nx

us = u + nu

, (2)

where x ∈ Rn is the state vector, u ∈ Rm refers to the input,
A and B are matrices with proper shape. The model uncer-
tainties are denoted as ∆A and ∆B, while the disturbance is
referred as d ∈ Rm, and ∆Ax+∆Bu+d composes the so-
called total disturbance f(x,u,d) : Rn ×Rm ×Rm 7→ Rn.
And we assume that state x can be measured but mingled
with noise nx and the actual measurement is xs, so as the
input u, noise nu and us, and nx and nu are white noises
with known power.

The goal of this paper is to estimate the state x and
total disturbance f in system (1) with an acceptable tran-
sient property when measurement noise exist. To evaluate
the observer performance, we proposed cost functions Jes
and Jed , listed in Table I, where x̂ and f̂ are the state
and disturbance estimations by ESO. Because estimation is
always for compensation in closed-loop system, except Jes
and Jed , we propose Jer to evaluate the closed-loop tracking
performance. The target trajectory is generated by a reference

ẋr = Axr + Br, (3)

where xr ∈ Rn denotes the reference state vector and r is
the reference input vector. As for the coefficient matrix B ∈
Rn×m, we assume that n ≥ m and rank(B) = m. And xc

is the trajectory of closed-loop system with the compensation
input u = �(BTB)�1BT f̂ + r.

III. THE BI-BANDWIDTH EXTENDED STATE OBSERVER

In this section, the novel BESO is proposed. Firstly, we
analyze traditional ESO.

To make a system defined in (1) tracking the reference
one as (3), a straightforward strategy is to estimate the
disturbance f(x, u, d) and compensate it with proper input.
Therefore, how to precisely estimate the total disturbance

−2 −1 0 1 2
e

−2

−1

0

1

2

y

y= e
y= fal(e, 0.5, 1)

Fig. 1. Feedback functions of LESO and NESO

is of considerable importance, a preciser estimation always
guarantees a better tracking performance (though they are not
equal, as shown in section IV). Generally speaking, we can
take a two-step schedule to achieve our goal, namely estima-
tion, then compensation. We will concentrate on two main-
stream ESO-based estimation approaches, namely LESO,
NESO, and their enhanced BESO in the following, and the
compensation method is discussed when forming a closed-
loop system.

Firstly, we concentrate on the LESO.
ei = xsi − x̂i
˙̂xi = Aix̂ + Biu + f̂i + βiei
˙̂
fi = βi+nei

(4)

where ei is the difference between estimation x̂i and mea-
surement xsi , x̂i and f̂i are estimations of xi and fi
respectively, and βi and βi+n are gains of the LESO feedback
functions. When we use a bandwidth-based method to design
those gains, they have the following form,

βi = 2ωi, βi+n = ω2
i , (5)

in which the ωi is the so-called bandwidth of the ith

subsystem. As we can see, the gain has a power growth
property w.r.t. bandwidth. Otherwise, if we choose a LMI-
based method, the gains are calculated via solving LMIs, or if
we choose the so-called AESO method, the gains are updated
according to the measurement rather than given initially yet
converge quickly[3].

Essentially, NESO is an extension of LESO, which usually
introduces more parameters, its structure are as following,

ei = xsi − x̂i
˙̂xi = Aix̂ + Biu + f̂i + βihi(ei)

˙̂
fi = βi+nhi+n(ei)

, (6)

where hi(·) and hi+n(·) are functions w.r.t. ei, if they are
linear, Equation (6) degrades to a LESO. The wide use
nonlinear feedback function has the following form,

fal(e, α,∆) =

{ e

∆1−α , |e| ≤ ∆,

|e|αsign(e), |e| > ∆.
. , (7)

where α < 1. The function defined in (7) is linear in interval
[−∆,∆] and is nonlinear when |e| > ∆. And their shape is
depicted in Fig. (1).
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Fig. 2. Feedback functions and bi-bandwidth modifications

When employing observer-based approaches, the estima-
tion and tracking errors are composed of two ingredients,
namely lag (which brings extensive error yet in a short pe-
riod) and measurement noises (which consistently affect the
system yet are relatively small). However, their contributions
vary in different periods. Lag plays a major role when the
system intensively varies, such as abrupt strong disturbance
injection, while noise contributes a lot when the system is
steady. As is shown in Fig. (1), when estimation error e > ∆,
the gain of fal(e, 0.5, 1) is less than the linear function’s, and
when the system is steady, the nonlinear and linear functions
are equivalent given βis both chosen via bandwidth-based
method.

Usually, we chose a wide bandwidth to suppress the lag,
which means the gains are relatively high. As a consequence,
any noise mingled with the actual signal would be amplified
to a considerably high level. However, if we want to attenuate
this phenomenon by choosing a narrow bandwidth, the lag
may then become a significant problem. It is complicated to
find a balance even in such an open-loop situation.

To solve the trade-off between transient property and de-
noise capacity of traditional ESO approach, the BESO is
proposed. Firstly, the Bi-bandwidth Linear Extended State
observer (BLESO) is given as



ei = xsi − x̂i

γi = δ
−sign(

d|ei|
dt )

i

˙̂xi = Aix̂ + Biu + f̂i + βiγiei
˙̂
fi = βi+nγ

2
i ei

, (8)

Where the direction information of the estimate error rate
is introduced in the observer via γi, which is cardinal to
achieve a bi-bandwidth observer. The feedback function of
BLESO has a unique bi-bandwidth nonlinear characteristic.

Such a method can be applied to the NESO easily and then
form a Bi-bandwidth Nonlinear Extended State Observer

(BNESO),

ei = xsi − x̂i

γi = δ
−sign(

d|ei|
dt )

i

˙̂xi = Aix̂ + Biu + f̂i + βiγihi(ei)

˙̂
fi = βi+nγ

2
i hi+n(ei)

. (9)

When we chose h(·) as fal(e, 0.5, 0.5), function γh(e) is
shown in Fig. (2). In our numerical simulation, a piece-
wise linear function will be employed as h(·), which has
the following property

dh(e,∆)

de
=

{
k, |e| ≤ ∆

εk, |e| > ∆
(10)

where k is designed via bandwidth-based method, 0 <
ε < 1 and ∆ is the breakpoint. Nonlinear function hi(·)
has a similar curve like fal(·) which is also given in Fig.
(2). When error approaches or leaves the origin, slopes of
lines are different, after which the bi-bandwidth is named.
However, neither linear function nor nonlinear ones used in
traditional ESO have such a property, which are both one-
to-one mappings from error to the output.

The proposed BESO approach has the following proper-
ties:

1) A bi-bandwidth term γi is introduced in the feedback
function of BESO, which brings additional information to
the observer, i.e., the direction of the estimated error rate.
Consequently, the proposed BSEO may be more efficient
than traditional ESO.

2) When δi = 1, the BESO is equivalent to the traditional
ESO. Therefore, our bi-bandwidth ESO is an extension of
the traditional ones.

3) In case of δi 6= 1, the proposed BESO has a so-called
bi-bandwidth property, i.e., when error directs to the origin,
the bandwidth of it is βiδi/2, otherwise βi/2δi. In particular,
for a system with measurement noise, a BESO with δi < 1
outperforms one with δi > 1, and our discussion below is
based on the former case.

Dig deeper and make a comparison; we can find the
underlying mechanism of BESO. After the bi-bandwidth
modification being introduced, when error leaves the origin,
the bi-bandwidth function provides high gains to guarantee
the transient property. However, it alters to a low gain
to suppress the impact of measurement noise when error
approaches the origin. As is shown in Fig. (1), the feedback
function of NESO preferred a low gain when error crosses
the linear bound, which is believed to make NESO more
efficient than LESO. However, our approach goes beyond
this. The feedback functions use the direction information of
error rate to provide a better adaptation to gains, which may
be why our approach is more effective than the traditional
ones.

Since we already get the precise estimation about
f(x,u,d), then the control strategy is straightforward
as mentioned in the earlier discussion of cost func-
tions. Because we already assume that the coefficient
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matrix B is full column rank, a input signal, such as
u = �(BTB)�1BT f̂ + r, is straightforward to compen-
sate the disturbance and track the reference (3).

IV. NUMERICAL EXAMPLE

Consider a MIMO system as (1), where

A =

 −5 1 1
−1 5 1

0 0 −1

 ,B = I3,C = I3,

and

d =

 sin(0.1t) + 0.5
− sin(0.1t+ 0.5)− 0.3

0.8 sin(0.1t− 0.5) + 0.2


+

 1.5 sin(0.04t+ 0.5) + 1
0.3 sin(0.03t+ 0.3) + 0.5
−0.4 sin(0.05t− 0.2) + 0.3


+

 3θ(t− 5)
−9θ(t− 10)
4.5θ(t− 15)

 ,
in which

θ(τ) =

{
0, τ < 0

1, τ ≥ 0
.

The model uncertainties ∆A and ∆B are normal distributed
random matrices with the proper shape, for simulation con-
sistency, we randomly chose the following values for them,

∆A =

 −0.3296 −0.4260 0.4828
−0.2422 0.1841 −0.0978
−0.1032 −0.0976 0.1207

 ,
∆B =

 −0.1037 0.0774 0.0557
−0.0356 0.1113 −0.0618
−0.1017 −0.0448 0.0092

 .
And the power of white noises nx and nu is 0.012.

The aforementioned ESO-based approaches, LESO and
NESO, and their corresponding BESO methods are used to
estimate and compensate the total disturbance in the actual
system defined in (1), and design proper control strategy
which ensures the actual system tracking the reference one.

At first, we will focus on the LESO approach. After a
coarse search, we find that the ESO with bandwidth ω = 17
rad/s has a preferred performance in our search area. In order
to depict the trade-off between transient property and de-
noise capacity, we chose ω = 9, 17 and 25 rad/s as examples.
The estimation errors of the second component of f are given
in Fig. (3).

It’s obvious that greater bandwidth we chose, a shorter lag
period lasts, yet a higher level of noise amplification exists.
The costs are calculated in Table II. As aforementioned, a
preciser estimation is not equivalent to a better tracking,
it is shown that when ω = 17 rad/s the estimation about
disturbance is much preciser than ω = 25 rad/s, but the
closed-loop tracking performance of the latter is better with
the index discussed here.

0 2 4 6 8 10 12 14 16 18 20
t/s

−2

0

2

4

6

8

10

̂ f 2
−
f 2

ω= 25 rad/s
ω= 17 rad/s
ω= 9 rad/s

Fig. 3. Estimation errors of f2 by LESO with various bandwidth

According to the above analysis, we find that it is hard
to find a compromise between transient property and steady
state noise attenuation. Then we have made a comparison
between LESO and the proposed BLESO, and the estimation
and tracking errors of BLESO (δ = 0.4, ω = 17 rad/s) and
the preferred LESO (ω = 17 rad/s) are given in Table IV,
and the results are shown in Fig. 4

Comparing with the LESO, Jer is reduced considerably.
For example, when 10 s < t < 11 s, the total disturbance
f2 intensively varies, and the LESO is relatively slow to
track it. However for the BLESO approach, the lag is
suppressed, and the noise amplification is acceptable. When
t = 10s, a jump is introduced into f2, the transient process of
BLESO is faster than traditional ones, yet has far less noise
amplification. These facts demonstrate that our bi-bandwidth
strategy is effective in the LESO scenario, which can achieve
a better transient property and maintain a considerable de-
noise capacity in the meanwhile.

In the following, we will demonstrate the bi-bandwidth
modification can be introduced into NESO to further im-
provements on system performances. A preferred NESO have
the following parameters

β1 = 2× 17, ε1 = 0.7, β2 = 172, ε2 = 0.72,∆ = 0.25.

It’s shown that the NESO has same bandwidth ω = 17 rad/s,
with the LESO discussed above, which indicates that when
the closed-loop system is steady, actual error maybe bounded
in [−0.25, 0.25]. If we change ∆, costs remain similar to

TABLE II
COST VALUES OF LESO

bandwidth
(rad/s)

estimation tracking

Jes Jed Jer

ω = 9 0.0618 0.9187 0.2077
ω = 13 0.0590 0.7609 0.1478
ω = 17 0.0637 0.7557 0.1158
ω = 21 0.0698 0.8438 0.0966
ω = 25 0.0758 0.9870 0.0846
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Fig. 4. Estimation errors of f2 and x2, tracking errors of xr2 with LESO
and BLESO approaches

each other, which is indicated in Table III when ω = 17 rad/s
and ε = 0.7. However, a different bandwidth may affect the
closed-loop system a lot. A few of costs are also given in
Table III when ∆ = 0.25 and ε = 0.7.

The estimation errors of f2, x2 ,and tracking error of
xr2 with the optimal NESO are shown in Fig. (5). Also we
find a bi-bandwidth modified NESO with piece-wise linear
feedback function with the following parameters preferred in
our search region

k1 = 2× 10, k2 = 102,∆ = 0.15, ε = 0.2, δ = 0.3.

Error trajectories of the closed-loop system are also given
in Fig. 5. As is shown in Fig. (5). If we use the estimation
of total disturbance of NESO as compensation, the closed-
loop system has a deviation from reference at time t = 10s,
the value of which is about 0.65. However, in the BNESO
case, which is also shown in Fig. (5), the value is about 0.44,
above a 30% reduction.

Costs of optimal LESO, BLESO, NESO, and BNESO

TABLE III
NESO WITH DIFFERENT BREAK POINT AND BANDWIDTH

break point bandwidth
(rad/s)

estimation tracking

Jes Jed Jer

∆ = 0.25
ω = 17

0.0637 0.7558 0.1157
∆ = 0.27 0.0637 0.7559 0.1157
∆ = 0.29 0.0637 0.7558 0.1157

∆ = 0.25
ω = 15 0.0610 0.7441 0.1297
ω = 17 0.0637 0.7558 0.1157
ω = 19 0.0667 0.7905 0.1050
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Fig. 5. Estimation errors of f2 and x2, tracking errors of xr2 with NESO
and BNESO approaches

TABLE IV
COSTS OF ESO-BASED APPROACHES

approach estimation tracking

Jes Jed Jer

LESO 0.0637 0.7557 0.1158
BLESO 0.0580 0.7579 0.0794
NESO 0.0637 0.7558 0.1157

BNESO 0.0445 0.5306 0.0749

in our search region, is given in Table IV. It’s shown that
the bi-bandwidth based LESO and NESO have considerable
advantages comparing with traditional ones. Particularly, the
newly proposed BESO is very efficient, which can achieve
a preferred transient property via a relatively low gain
and suppress the measurement noise amplification to some
extend.

V. CONCLUSION

In this paper, we proposed a novel ESO approach called
bi-bandwidth ESO, which is easily implemented and has
the so-called bi-bandwidth property. The ESO-based tracking
problem of a MIMO system with matched total disturbance
discussed above shows that the BESO-based approach em-
ployed in our model strikes a balance between the transient
property and de-noise capacity to some extent, as we have
expected. Intuitively, when we introduce error direction in-
formation to tune the bandwidth or gain of ESOs dynami-
cally, we do not change the sign of error feedback functions.
Therefore, we believe the stability can be guaranteed. The
vigorous analysis of stability and performance improvement
of BESO is our future focus.
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