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Although a high-gain learning rate can offer ideal tracking performance in adaptive control in theory, it 
can also lead to high-frequency oscillations in practice due to the unmodeled dynamics of the system. In 
aircraft structural damage scenarios, the strong uncertainty and the safety-critical nature of the problem 
make this conflict critical. In this paper, a novel virtual-command-based model reference adaptive control 
(MRAC) scheme for flight control is proposed. In the new framework, the direct relationship between the 
learning law and the actual tracking error is broken; instead, a virtual command is introduced as the 
input to the standard MRAC controller. The key feature is that even when the virtual tracking error is 
large, the actual tracking error can be maintained within a small range; thus, the MRAC learning rate 
does not necessarily need to be large to suppress the virtual transient tracking error, which is greatly 
beneficial for the robustness of the MRAC controller. The proposed method is illustrated by the attitude 
control of the 6-DOF nonlinear Generic Transport Model in a scenario with a broken left wing tip.

© 2018 Elsevier Masson SAS. All rights reserved.
1. Introduction

Structural damage to the airframe of a modern aircraft, such as 
structural failure in the wing tip, vertical tail or engine, is one of 
the most serious threats that pilots face. Such structural damage 
may lead to significant, abrupt and non-symmetric uncertainties in 
the aircraft aerodynamics, mass properties, and control efficiencies 
[1,2]. The control responses of such a damaged aircraft can be far 
different from those of normal aircraft [3–5]. Consequently, a fun-
damental problem arising in flight control theory is to ensure the 
recovery of stability and the level of desired performance when 
significant abrupt changes in uncertainties occur.

Compared with fixed-gain robust control design approaches, 
adaptive control methods more effectively address these sources 
of uncertainty and require less modeling information; thus, they 
have gradually gained popularity. A variety of adaptive control ap-
proaches have been proposed to address the strong uncertainty 
caused by structural damage [6–10]. These early studies mainly fo-
cused on large uncertainties and theoretical guarantees of asymp-
totic stability. However, little attention has been paid to the tran-
sient performance when abrupt variations occur. Unfortunately, 
due to the nonlinear and complex aerodynamics, poor transient 
performance can contribute to fatal accidents:
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1) A poor transient response can excite unmodeled dynamics 
and/or place the aircraft under dangerous conditions, such as stall 
or spin [11,12].

2) The use of a high learning rate in adaptive control may re-
sult in high-frequency oscillations, which can violate actuator rate 
saturation constraints and excite unmodeled system dynamics [13].

Because the standard model reference adaptive control (MRAC) 
learning law directly relies on the tracking error, it usually has 
poor transient performance in the learning phase [14]. Before the 
stable region is reached, this undesired transient response can be 
far from the reference signal [15]. Improvement of the transient 
performance is thus a challenging practical topic in adaptive con-
trol.

A classic approach is to modify the reference model [16,11,17,
18]. A closed-loop reference model (CRM) structure was proposed 
in [16,11], in which plant information was used to alter the refer-
ence trajectory to improve the transient properties. [17] introduced 
a new reference system to prevent the update law from attempt-
ing to learn from high-frequency system error content. Because the 
CRM approach does not introduce new information to the con-
troller, i.e., the learning process is still driven by the tracking error, 
it can be treated as a nonlinear adjustment to the learning rate.

The transient performance can also be improved by adjusting 
the learning law. [19] and [20] modified the adaptive learning law 
in accordance with an upper bound or a prescribed performance 
bound on the desired transient performance. [21] and [22] used 
nonlinear generalized restricted potential functions to maintain 
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Nomenclature

αi(λ) scheduling coefficient for the ith vertex
ᾱ angle of attack . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . deg
β̄ sideslip angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . deg
�δ ∈R

m×m+ symmetric positive-definite learning matrix of δ
�φ ∈ R

(l−1+m)×(l−1+m)
+ symmetric positive-definite learning 

matrix of φ
λ ∈R

nλ vector of structural damage
ω bandwidth of the learning error observer
φ roll angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . deg
ψ yaw angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . deg
σmax(·) maximum eigenvalues of the matrix
σmin(·) minimum eigenvalues of the matrix
θ pitch angle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . deg
A(λ) ∈ R

n×n system matrix
Ai ∈ R

n×n vertices of the convex hull
Am ∈R

n×n system matrix of the reference model
B(λ) ∈R

n×m control input matrix
Bm ∈R

n×m control input matrix of the reference model
d(λ) ∈R

m disturbance
D ∈ R

n×m disturbance input matrix

er ∈ R
n actual tracking error

ev ∈R
n virtual tracking error

q ∈R
m learning error of the adaptive control system

r ∈R
m reference command/actual command

u ∈R
m input vector

v ∈ R
m virtual command

x ∈R
n state vector

xmr ∈R
n actual reference state vector

xmv ∈R
n virtual reference state vector

�(λ) ∈ R
m×m control effectiveness matrix

H altitude. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
p roll rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . deg/s
q pitch rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . deg/s
r yaw rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . deg/s
t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
td time of the damage . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
ue, ua, ur deflections (deg) of the elevator, aileron and rudder
v airspeed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m/s
X north position . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
Z east position . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
the transient performance error below an a priori, user-defined 
worst-case closed-loop system performance bound. [23] developed 
a derivative-free adaptive control law and showed that its ro-
bustness against unmodeled dynamics is improved by increasing 
the adaptation gain. [14] added a mismatch estimation term to 
suppress high-frequency oscillations. [24] proposed a bi-objective 
optimal control modification method that establishes a tradeoff be-
tween performance and robustness through the suitable selection 
of the modification parameters. [25] introduced an artificial basis 
function to minimize the system tracking error during the learning 
phase of an adaptive controller. [26] presented a novel architec-
ture that includes modification terms in the adaptive controller 
and the learning law; these modification terms vanish as the sys-
tem reaches its steady state. In addition to the above approaches, 
[27–32] investigated the problem of improving the transient per-
formance for specific systems.

In the existing methods, the transient performance is improved 
by modifying the reference model and/or the learning law; how-
ever, these methods still follow the basic MRAC scheme, i.e., the 
learning laws are driven by the tracking error. The tradeoff be-
tween a large transient tracking error and a high learning rate re-
mains a problem. From a practical standpoint, a high learning rate 
may lead to control saturation, control oscillation or the excursion 
of control components outside of the linear regime, among other 
undesirable effects, and the learning rate cannot be increased to 
an unlimited extent. To solve this problem, this paper proposes a 
novel approach in which the direct relationship between the learn-
ing law and the closed-loop tracking error is broken; instead, a 
virtual command and a virtual tracking error are used to drive the 
learning law. The proposed control scheme has the following fea-
tures: 1) The virtual command works on both the reference model 
and the controller but does not involve any modification of the 
reference model, the update law or the controller, especially the 
learning rate. Thus, the virtual command does not affect the sta-
bility, robustness or error convergence properties of the standard 
MRAC scheme, and it can be applied in combination with most 
MRAC methods. 2) The virtual tracking error can be large while 
the actual tracking error is maintained within a small range; thus, 
the MRAC learning rate does not necessarily need to be large to 
suppress the virtual transient tracking error, which is greatly ben-
eficial for the robustness of the MRAC controller. 3) The virtual 
command is designed to compensate for the learning error instead 
of the MRAC tracking error. Note that the learning error is related 
to the time derivative of the tracking error; thus, compensating for 
the learning error is more efficient.

The remainder of this paper is organized as follows. Section 2
introduces the model of a damaged aircraft. Section 3 presents 
a standard linear-parameter-varying-model-based model reference 
adaptive control scheme (LPV-MRAC). Section 4 analyzes the tran-
sient performance of LPV-MRAC. A new approach, called virtual-
command-based MRAC (VC-MRAC), is proposed in Section 5 to 
improve the transient performance. A simulation of the generic 
transport model (GTM) in a scenario in which the left wing tip 
has broken off is discussed in Section 6. Finally, conclusions are 
given in Section 7.

2. Plant models and problem formulation

In this paper, a linear parameter-varying (LPV) model is used to 
represent the dynamics of a structurally damaged aircraft as fol-
lows:

ẋ = A(λ)x + B(λ)u + Dd(λ), (1)

where D is a known disturbance input matrix; and A(λ), B(λ)

and d(λ) are functions of an unknown parameter vector λ, which 
represents the severity of various types of damage, such as a 
broken-off wing tip, a broken-off vertical tail and a broken-off left 
stabilizer.

Considering that aircraft damage occurs instantaneously, λ is 
formulated as a function that shows switching behavior at a spe-
cific time, that is,

λ(t) =
{

λ0, t < td

λd, t ≥ td
. (2)

Note that an aircraft is a physical system, and λ can be assumed 
to be bounded such that λ ∈ 
λ . Therefore, A(λ) must lie in a 
compact set that can be embedded in a polytope, that is,

A(λ) =
l∑

αi(λ)Ai, (3)

i=1
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where the Ai correspond to the vertices of the convex hull 
Co{A1, . . . , Al} and αi(λ) is the scheduling coefficient for the ith
vertex. The αi(λ) satisfy the following conditions:

αi(λ) ≥ 0 (i = 1, . . . , l), (4a)
l∑

i=1

αi(λ) = 1. (4b)

Considering that the control efficiency may be affected by the 
damage, the control input matrix is formulated as

B(λ) = D�(λ), (5)

where �(λ) ∈ R
m×m is an unknown positive diagonal control ef-

fectiveness matrix related to λ.
In addition to the uncertainties in the system matrix and in-

put matrix, d(λ) is introduced to represent the strong disturbance 
caused by the damage, and it is assumed to be a piecewise and 
slowly time-varying function. As is standard, we also assume that 
det(D� D) �= 0 and that each pair (A i, D) is controllable.

Remark 1. Eq. (1) can be transformed into a general form as in 
[17,24,16]. The differences are that we use a polytopic LPV model 
to represent the system dynamics with uncertainty and that the 
vertex matrices are obtained via a higher-order singular value de-
composition procedure [33].

Next, the desired reference model with respect to r is given by

ẋmr = Amxmr + Bmr. (6)

The goal is to design an adaptive controller for the system de-
scribed by Eq. (1) to track the reference model given in Eq. (6)
while maintaining an acceptable transient performance.

3. LPV-MRAC scheme

In this section, an LPV-MRAC controller is presented based on 
the standard MRAC design procedure. In particular, a virtual com-
mand v is introduced as the input to the LPV-MRAC controller 
instead of the actual input r . Correspondingly, er � x − xmr and 
ev � x − xmv are defined as the actual and virtual tracking errors, 
respectively, and xmv is the virtual reference state given by

ẋmv = Amxmv + Bm v. (7)

The design of v will be discussed in a later section. To track the 
virtual reference model given in Eq. (7), an ideal feedback control 
law is formulated by taking the inverse of Eq. (1), i.e.,

u = �−1

(
−

l∑
i=1

αi K 1i x + K 2 v − d

)
, (8)

where K 1i and K 2 satisfy

D K 1i = Ai − Am, (i = 1 . . . l) and D K 2 = Bm. (9)

By combining the known terms into θ i � (−K 1i x+ K 2 v) ∈R
m (i =

1 . . . l), Eq. (8) is converted to

u = �−1

(
l∑

i=1

αiθ i − d

)
. (10)

By further defining � � [θ2 − θ1, θ3 − θ1, . . . , θ l − θ1, −Im] ∈
R

m×(l−1+m) , φ � [α2, α3, . . . , αl, d�]� ∈ R
l−1+m and � � �−1, the 
constraint in Eq. (4a) can be incorporated into the ideal control 
law as follows:

u = � (θ1 + �φ) . (11)

Since � and φ are unknown, the actual control law is formu-
lated by using their estimates, as follows:

u = �̂
(
θ1 + �φ̂

)
. (12)

By substituting Eq. (12) into Eq. (1), an expression for the closed-
loop system dynamics is obtained:

ẋ = Amx + Bm v + D�φ̃ + D��̃
(
θ1 + �φ̂

)
, (13)

where �̃ � �̂ − � and φ̃ � φ̂ − φ are the estimated errors on �
and φ, respectively. Thus, the virtual tracking error dynamics are 
obtained by subtracting Eq. (7) from Eq. (13) as follows:

ėv = Amev + D�φ̃ + Ddiag(θ1 + �φ̂)�δ̃, (14)

where δ is a column vector formed from the diagonal elements of 
� and diag() returns a square diagonal matrix with the elements 
of the input vector on the main diagonal. Then, the adaptive laws 
for the unknown parameters are chosen as follows:

˙̂
δ = −�δdiag

(
θ1 + �φ̂

)
(P D)�ev ,

˙̂
φ = −�φ��(P D)�ev ,

(15)

where P ∈R
n×n is a solution of the Lyapunov equation

A�
m P + P Am + Q = 0, (16)

where Q is a symmetric positive-definite real matrix. Now, we 
choose the Lyapunov function

V (ev , δ̃, φ̃) = e�
v P ev + δ̃

�
�−1

δ �δ̃ + φ̃
�
�−1

φ φ̃. (17)

Note that V (0, 0, 0) = 0 and V (ev , ̃δ, φ̃) ≥ 0 for all (ev , ̃δ, φ̃) �=
(0, 0, 0). The time derivative of V is

V̇ (ev , δ̃, φ̃)

= −e�
v Q ev + 2

(
e�

v P Ddiag(θ1 + �φ̂) + ˙̃δ��−1
δ

)
�δ̃

+ 2
(

e�
v P D� + ˙̃φ��−1

φ

)
φ̃. (18)

Substituting Eq. (15) into Eq. (18) yields V̇ (ev , ̃δ, φ̃) = −e�
v Q ev ; 

in other words, the derivative of the Lyapunov function is negative 
unless ev = 0. Since λ, ev , δ̃, φ̃ and u are bounded, it follows from 
Eq. (14) that ėv is bounded. Then, according to Barbalat’s lemma, 
V̈ (ev , ̃δ, φ̃) = −2ė�

v Q ev is also bounded, and

V̇ (ev , δ̃, φ̃) → 0, (19)

which consequently shows that ev → 0 as t → ∞.

4. Transient performance of LPV-MRAC

While the above LPV-MRAC method has been proven to be Lya-
punov stable, the virtual tracking error is not guaranteed to be 
asymptotically stable and may be very large during the transient 
period, i.e., the learning period of the adaptive control system. In 
practice, a large transient tracking error may drive the aircraft into 
a nonlinear or unmodeled region, resulting in failure of the adap-
tive control law. Therefore, the tracking error must be bounded in 
a safe range.
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By manipulating Eq. (17), it can be found that the 2-norm of 
ev (t) satisfies

σmin(P )‖ev(t)‖2
2 ≤ ev(t)� P ev(t) ≤ V (ev(t), δ̃(t), φ̃(t)). (20)

Note that V̇ (ev , ̃δφ̃) ≤ 0 implies that

V (ev , δ̃, φ̃) ≤ V (ev(td), δ̃(td), φ̃(td))

≤ σmax(P )‖ev(td)‖2
2 + ‖δ̃(td)

��
−1/2
δ �1/2‖2

F

+ ‖φ̃(td)�
−1/2
φ ‖2

F . (21)

Since ev (t) is guaranteed to be stable and converge to zero, we can 
assume that ev (t) has reached its steady state and has become 
zero before td , i.e., ev (td− ) = 0. Thus, by inserting Eq. (20) into 
Eq. (21), the following expression for the tracking error bound is 
obtained:

‖ev(t)‖2 ≤
√

(‖δ̃(td)
��

−1/2
δ �1/2‖2

F + ‖φ̃(td)�
−1/2
φ ‖2

F )/σmin(P ).

(22)

Hence, the maximum transient error is directly related to �δ , 
�φ and P . As shown by Eq. (15), increasing �δ , �φ or P will lead 
to an increase in the learning rate; i.e., the only way to decrease 
the transient error is to increase the learning rate. Because the 
learning law is directly driven by the tracking error, this problem 
will always exist. A novel approach is to break this relationship 
between the learning law and the tracking error.

5. VC-MRAC scheme

In this section, a virtual-command-based scheme is introduced 
to improve the transient tracking performance while maintaining 
the robustness of the MRAC scheme.

The transient dynamics with respect to v can be approximated 
by reformulating Eq. (13) as follows:

ẋ = Amx + Bm v + Dq, (23)

where q � �φ̃ + ��̃
(
θ1 + �φ̂

)
is defined as the learning error 

of the adaptive control system. In contrast to the reference model 
given in Eq. (7) x is driven by the learning error and may be far 
from the actual reference trajectory xmr . The actual tracking error 
can be suppressed by adjusting the trajectory of v to compensate 
for the error dynamics caused by the learning error.

Set ε = Dq and ε̇ = h. Considering the abruptness of the pa-
rameter variations due to the damage to the aircraft that occurs at 
time t = td , the following assumptions hold for h:⎧⎪⎪⎨
⎪⎪⎩

h(t) = 0 t < td

‖h(td)‖2 = ∞,
∫ t+d

t−d
h(t)dt = ε(td) t−

d ≤ t ≤ t+
d

sup
t>td

‖h(t)‖2 = h̄ t > td

. (24)

Thus, the learning error observer (LEO) is given by{ ˙̂x = Amx + Bm v + ε̂ + 2ω(x − x̂)

˙̂ε = ω2(x − x̂)
. (25)

Theorem 1. For the system described by Eq. (23) and the assumptions in 
Eq. (24), the error of the LEO given by Eq. (25) is bounded as follows:

‖ε̃(t)‖2 ≤ ‖ε(0)‖2(1 + ωt)e−ω�t + 2h

ω
, (26)

where ε̃ � ε − ε̂ and �t � t − td.
Proof. Let x̃ � x − x̂. We then obtain[ ˙̃x
˙̃ε
]

=
[ −2ωIn In

−ω2 In 0n

][
x̃
ε̃

]
+

[
0
In

]
h = Ao

[
x̃
ε̃

]
+ Boh. (27)

Note that Ao is a block matrix and that all of its submatrices are 
diagonal. The matrix exponential can thus be obtained as follows:

e Aot =
[

(1 − ωt)e−ωt In te−ωt In

−ω2te−ωt In (1 + ωt)e−ωt In

]
. (28)

Then, the time-domain response of Eq. (27) can be expressed as

ε̃(t) =
t∫

td

[0, In]e Ao(t−τ ) Boh(τ )dτ

=
t∫

td

(1 + ω(t − τ )) e−ω(t−τ )h(τ )dτ . (29)

By manipulating Eq. (24), the error dynamics can be further ex-
pressed as

‖ε̃(t)‖2 ≤ ‖ε(td)‖2(1 + ω�t)e−ω�t

+
t∫

t+d

(1 + ω(t − τ ))e−ω(t−τ )hdτ

= ‖ε(td)‖2(1 + ω�t)e−ω�t

+ 2h

ω
(1 − e−ω�t − 1

2
ω�te−ω�t); (30)

therefore, Eq. (30) is a direct consequence of Eq. (26) because
1 − e−ω�t − 1

2 ω�te−ω�t ≤ 1 for �t ≥ 0. �
Remark 2. Eq. (29) implies that ε̃i(t) =

∫ t
td

(1 + ωi(t − τ )) ×
e−ωi(t−τ )hi(τ )dτ and εi(t) = ∫ t

td
hi(t)dt . It follows that

|ε̃i(t)/εi(t)| ≤ 1 and 
∥∥ε̃(t)

∥∥
2 ≤ ‖ε(t)‖2.

Remark 3. According to Eq. (30), the upper bound on the ob-
server’s error is inversely proportional to ω, and the bound’s con-
vergence rate is proportional to ω. Thus, the observer’s perfor-
mance can be improved by increasing ω. On the other hand, the 
convergence speed of the adaptive control law in Eq. (14) is lim-
ited by the reference model dynamics, which means that the LEO 
could be more effective than the adaptive control law when ω is 
sufficiently large.

On the basis of the observer given in Eq. (25), the virtual com-
mand v is given by

v = −B+
m ε̂ + r, (31)

where B+
m is the pseudoinverse of Bm and r is the actual control 

command.
Note that ε = Bm K −1

2 q = Bm(B+
m Bm)K −1

2 q = Bm B+
mε; thus, ap-

plying Eq. (31) to the system described by Eq. (13) yields

ẋ = Amx + Bm(r − B+
m ε̂) + Bm B+

mε = Amx + Bmr + Bm B+
m ε̃.

(32)

By subtracting Eq. (6) from Eq. (32), the following expression for 
the actual tracking error is obtained:

er(t) = Amer + Bm B+
m ε̃, (33)
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which yields

er(t) =
t∫

0

e Am(t−τ ) Bm B+
m ε̃(τ )dτ , (t ≥ 0). (34)

Since Am is a Hurwitz matrix, the following upper bound holds 
[34]:

‖e Amt‖2 ≤ βe−ωH t, (35)

where ωH = −1/σmax(H), β = √
σmax(H)/σmin(H), and H is the 

solution to

A�
m H + H A = −2In. (36)

Note that ‖Bm B+
m‖2 = ‖B+

m Bm‖2 = 1, which leads to
‖Bm B+

m ε̃(t)‖2 ≤ ‖ε̃(t)‖2. Furthermore, substituting Eq. (35) and 
Eq. (26) into Eq. (34) yields

‖er(t)‖2 ≤
t∫

td

βe−ωH (t−τ )‖Bm B+
m‖2‖ε̃(τ )‖2dτ

≤ β‖ε(td)‖2e−ωH �t
{

1

ω − ωH

(
1 − e−(ω−ωH )�t

)

+ ω

(ω − ωH )2

(
1 − (1 + (ω − ωH )�t) e−(ω−ωH )�t

)}

+ 2β

ωωH
h(1 − e−ωH �t).

(37)

To improve the transient performance, the bandwidth of the LEO 
must be greater than the reference bandwidth, i.e., ω − ωH > 0. 
Then, Eq. (37) can be further rewritten as follows:

‖er(t)‖2 ≤ β
2ω − ωH

(ω − ωH )2
‖ε(td)‖2e−ωH �t + 2β

ωHω
h. (38)

It is now straightforward to see that the maximum transient error 
can be suppressed by increasing the bandwidth of the LEO.

6. Application to the generic transport model

6.1. The GTM and the control objective

To illustrate the proposed adaptive control scheme, we con-
ducted simulations of the GTM with the left wing tip broken, as 
shown in Fig. 1. The nonlinear aerodynamic coefficients of aircraft 
with left wing-tip damage (0 to 33% semi-span) are provided in 
Ref. [35]. The dynamics of such an aircraft are described by the 
following general nonlinear ordinary differential equation:

Ẋ = f (X, u,λ), (39)

where X � [v, ᾱ, q, θ, H, β̄, p, r, φ, ψ, X, Z ]� ∈R
12 is the state vec-

tor. Our goal is to design an attitude controller that can track a pre-
designed reference model while maintaining acceptable transient 
performance. The state vector is chosen to be x = [θ, φ, ψ, q, p, r]�, 
and the desired reference model of the attitude dynamics is given 
by

Am =
[

03 I 3

−ω2
m I 3 −2ξmωm I 3

]
, Bm =

[
03

ω2
m I 3

]
, (40)

where ωm = 5 rad/s and ξm = 0.7 are chosen to provide the de-
sired handling characteristics.
Fig. 1. NASA generic transport model.

The uncertainties and disturbances are as follows:
1) The system dynamics vary with damage, as reported in 

Ref. [35], and the approximate polytopic model presented in the 
following subsection describes the variation of the system matrix.

2) The control efficiency uncertainty induced by the damage is 
�(t) = diag([0.6, 0.8, 0.7])(t > td).

3) The disturbance vector is defined as d = d0 +dD , where d0 is 
an unknown constant offset caused by the structural damage (ap-
proximately [0.0003, −5.5895, 0.1921]� in the 20% left wing-tip 
damage scenario) and dD is a vector function of time given by

dD(t) =
⎡
⎢⎣

0.2e−0.5�tsin0.4�t − 0.2sin0.6�tcos0.4�t

0.3e−0.5�tsin0.6�t − 0.2sin0.4�tcos0.6�t

0.3e−0.5�tsin0.6�t − 0.2sin0.4�tcos0.6�t

⎤
⎥⎦ (t ≥ td).

(41)

4) To make the illustration more practical, two kinds of unmodeled 
dynamics are considered. The dynamics of the remaining terms 
of X, such as ᾱ, β̄ and v , are treated as unmodeled uncertainties 
and are assumed to be stable. In addition, the actuator dynam-
ics are considered to be high-frequency unmodeled dynamics, i.e., 
a second-order system with a damping ratio of 0.7 and a natural 
frequency of 70 rad/s.

The LPV-MRAC scheme and the proposed VC-MRAC scheme are 
evaluated based on the above nonlinear GTM.

6.2. LPV-MRAC performance evaluation

An LPV-MRAC scheme was designed for the operating point of 
v = 45.3 m/s, ᾱ = 4.096 deg, H = 304.8 m and u =
[1.77, 0, 0]� deg. By means of a higher-order singular value de-
composition procedure [33], the attitude dynamics with broken-off 
wing-tip damage ranging from 0 to 33% of the semi-span can be 
approximated by an LPV model with 3 vertices as follows:

A1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 1.0000 0 0

0 0 0 0 1.0000 0.0716

0 0 0 0 0 1.0026

0 0 0 −3.0363 0.0002 −0.0001

0 0 0 0.0017 −4.6607 0.5483

0 0 0 0.0001 −0.3936 −1.0178

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

A2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 1.0000 0 0

0 0 0 0 1.0000 0.0716

0 0 0 0 0 1.0026

0 0 0 −3.0040 −0.1347 0.0062

0 0 0 −0.5039 −3.2178 0.4940

0 0 0 −0.0508 −0.2770 −1.0287

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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Fig. 2. LPV-MRAC results for 20% broken-off wing-tip damage and a step command.
A3 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 1.0000 0 0

0 0 0 0 1.0000 0.0716

0 0 0 0 0 1.0026

0 0 0 −3.0247 −0.0499 0.0022

0 0 0 0.0102 −4.6630 0.5506

0 0 0 −0.0003 −0.3955 −1.0208

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

B = D =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0

0 0 0

0 0 0

−43.2677 0 0

0 39.5905 11.1467

0 3.2841 −28.5431

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (42)

The other parameter settings are listed in Table 1.
A 20-second simulation with step attitude commands was con-

ducted, as illustrated in Fig. 2. An event causing 20% damage to the 
left wing tip was assumed to occur 5 s after the start of the simu-
lation; then, a step command was issued at 12 s. Fig. 2 shows the 
Table 1
Controller parameter settings.

Parameter Setting

Q diag([3 3 3 0.3 0.3 0.3])
�φ diag([0.1 0.1 0.1 0.1 0.1])
�δ diag([0.01 0.01 0.01])

attitude response and tracking error. The attitude response tracks 
the command, but the transient error can still be improved.

Next, we show how the learning rate affects the controller’s 
performance. The values of the learning matrices were increased 
to k times their original values given in Table 1. Fig. 3 shows that 
when there are no unmodeled actuator dynamics, a higher learn-
ing rate results in better tracking performance, i.e., a smaller max-
imum tracking error and a faster convergence speed. However, this 
finding does not always hold when actuator dynamics are added 
into the system. As shown in Fig. 4, the system starts to oscillate 
at k = 35 and becomes unstable at k greater than 35, which in-
dicates that the robustness of the standard MRAC scheme to the 
unmodeled dynamics is reduced with an increasing learning rate.
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Fig. 3. LPV-MRAC tracking performance for 20% broken-off wing-tip damage and a step command (for varying learning rates without unmodeled dynamics).

Fig. 4. LPV-MRAC tracking performance for 20% broken-off wing-tip damage and a step command (for varying learning rates with unmodeled dynamics).
6.3. VC-MRAC performance evaluation

We now show how the VC-MRAC scheme affects the tracking 
performance. The learning matrices were chosen as shown in Ta-
ble 1, and the unmodeled dynamics were also included in the 
simulation.

Fig. 5 shows the tracking error as ω increases. The transient 
performance is greatly improved, and the actuator responses are 
smooth.

Fig. 6 shows the VC-MRAC response with ω = 30 and k = 1. As 
shown in Fig. 6(a), the attitude tracks the reference model well. 
Fig. 6(b) shows that er decreases rapidly and that the maximum 
roll angle error is less than 2 deg. In addition, the convergence 
speed of the virtual tracking error is relatively slow, and the max-
imum virtual tracking error reaches 8 deg in the roll channel. 
Fig. 6(c) and (d) show that the actuator deflections are smooth 
and within the constraints and that the coupled effects on safety-
critical states, such as the airspeed, angle of attack and sideslip 
angle, are also very small.
7. Conclusion

To achieve high transient performance in the event of abrupt 
and severe structural damage to an aircraft, a virtual-command-
based model reference adaptive control (VC-MRAC) scheme was 
proposed. In comparison with the classic approach, a virtual com-
mand and a virtual tracking error were introduced to break the 
direct relationship between the learning law and the actual track-
ing error. The design process for the virtual command controller 
and the learning error observer were further studied in detail. 
A system-theoretical analysis and illustrative numerical examples 
were presented to demonstrate that the new approach is effective 
in maintaining high tracking performance with improved robust-
ness compared with the standard MRAC scheme. Future research 
will include studies on the application of the proposed scheme in 
combination with other adaptive control approaches and in non-
linear systems.
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Fig. 5. VC-MRAC controller outputs for 20% broken-off wing-tip damage and a step command (with varying ω).

Fig. 6. VC-MRAC tracking performance for 20% broken-off wing-tip damage and a step command (with ω = 30).
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