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In this paper, we address the problem of disturbance estimation for a class of linear systems with 
both fast time-varying uncertainty and measurement noise. A novel bi-bandwidth extended state 
observer (BESO) is proposed to achieve fast disturbance tracking and satisfactory noise suppression. The 
direction information of the estimation errors is used through a directional switching operator (DSO) 
to dynamically tune the bandwidth of the BESO. Sufficient conditions for the stability of the BESO are 
given, and the error dynamics are proven to be bounded and to converge in finite time. A comprehensive 
comparison of the BESO and three other representative approaches is presented, which shows that the 
BESO achieves a performance improvement of greater than 13%. A closed-loop control application for a 
structurally damaged aircraft is also provided to demonstrate the effectiveness and efficiency of the BESO.
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1. Introduction

Inaccuracies inevitably exist between an actual system and a 
mathematical model of the system, and the system therefore de-
viates from the expected characteristics. In practice, uncertainties 
are usually multisource and time varying and may sometimes 
jump, for example, a strong gust striking a spacecraft [1], abrupt 
structural damage in flight [2] and failure of some critical equip-
ment [3]. Such jump disturbances usually cause control surface 
saturation and are of extreme harm to system safety. Addition-
ally, the magnitude of uncertainties and their derivatives contin-
uously change with the system state or time. Therefore, estimating 
these uncertainties precisely without much conservation has been 
a great challenge in the control of disturbed systems.

In this paper, we pay particular attention to extended state ob-
servers (ESOs), which lump model uncertainties and disturbances 
into a total disturbance without discrimination and have promis-
ing speed and robustness compared to disturbance observers [4–7], 
reduced-order disturbance observers [8], nonlinear disturbance ob-
servers [9,10], sliding mode disturbance observers [11,12], un-
known input observers [13,14] and other similar approaches [15]. 
ESOs have attracted wide and long-lasting attention from theoreti-
cal researchers, and overviews of early developments are presented 
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in [16–18]. Gao [19] has performed prospective work on stability 
proofs and parameter selection for the linear extended state ob-
server (LESO). Zhao [20,21] has made significant breakthroughs in 
recent works on stability proofs for the nonlinear extended state 
observer (NESO). ESOs have also shown great advantages in many 
industrial applications, such as aeronautics [22,23,2], fault-tolerant 
control [24–26] and other scenarios [27–30].

An important feature of an ESO is that its estimation per-
formance can be improved arbitrarily as the bandwidth or gain 
increases, regardless of whether it is in a steady-state phase or 
transient phase or whether the disturbance is strong. However, the 
result may not hold consistently in the presence of measurement 
noise, which is indeed omnipresent in actual scenarios [31–34]. An 
inevitable contradiction exists between measurement noise sensi-
tivity and state reconstruction speed [31], and the reconstructed 
state oscillates intensely under high gain conditions when mea-
surement noise exists [32,33]. Additionally, a high-order and large-
bandwidth observer may amplify the measurement noise to an 
unacceptable level and thereby impact the closed-loop system per-
formance [34,14]. This analysis shows that the high-gain or band-
width approach may fail in the presence of noise, and we need 
to pay particular attention to compromises between measurement 
noise attenuation and transient process speed.

Considerable effort has been made to strike a balance be-
tween state estimation error attenuation and transient process 
speed. Wang [35] proposed a time-varying ESO that estimates a 
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nonuniform bounded disturbance. Pu [36] designed a linear time-
varying ESO that combines both the advantages of the theoretical 
completeness of the LESO and the good practical performance of 
the NESO. Li [37] implemented linear–nonlinear switching in an 
LESO and an NESO to cope with scenarios with different distur-
bance levels. However, sufficient results when noise exists are still 
lacking, and this remains an open issue. Han proposed a filter-
based approach in his monograph; the approach requires noise-
contaminated measurements to be preprocessed via a filter before 
they are input into the ESO, but notable lagging exists in his sim-
ulations [38]. Dong [39] introduced a perturbation constant into 
an ESO and showed that the perturbation constant can alter the 
sensitivity of the system to noise. However, this method does not 
provide an effective online adjustment approach for the pertur-
bation constant. Zhang [40] proposed an offline gain optimization 
method for a nonlinear third-order ESO to suppress measurement 
noise. Won [41] introduced auxiliary state variables to avoid ampli-
fication of the measurement noise in a high-gain disturbance ob-
server. Xue proposed the adaptive extended state observer (AESO) 
approach, which adopts an adaptive Kalman filter-like gain law, 
and implemented it in a gasoline engine cylinder pressure control 
task [42]. The boundary of the disturbance derivative is adopted as 
prior information for the AESO; however, an appropriate boundary 
is usually difficult to determine in the case of multisource dis-
turbance, especially in the case of abruptly changing disturbance. 
Prasov proposed a novel nonlinear high-gain observer (NHGO) that 
implements a gain scheduling strategy contradictory to the NESO 
approach; i.e., it uses a high gain for large errors and a low gain 
for small ones [43,44]. Cheng [45] adopted a similar approach and 
proposed an ESO that switches between two gain values; how-
ever, the switch boundary must be carefully tuned based on the 
bounded noise, and an inappropriate boundary may lead to signif-
icant performance degradation.

Because the disturbance in an actual system is always multi-
source and time varying, a predefined boundary may lead the ob-
server to be either too conservative or too fragile. An ESO that has 
both speed from high gain and denoising capability from low gain 
can help eliminate this problem. Therefore, we propose a novel 
bi-bandwidth extended state observer (BESO), and the error de-
viation direction is introduced to the proposed BESO to achieve 
a good compromise between transient process speed and steady-
state noise attenuation. In addition, the approach makes no strong 
assumptions about disturbance and measurement noise, similar to 
the LESO, which alleviates the conservativeness that may exist in 
the AESO or the nonlinear high-gain ESO (NHGESO).

There are four main contributions of this work.
1) A novel BESO approach is proposed, and a directional switch-

ing operator (DSO) and bi-bandwidth scaling factor (BSF) are intro-
duced to address the disturbance estimation problem for systems 
with measurement noise and multisource uncertainties.

2) Sufficient conditions, i.e., feasible regions of the BSF, for the 
stability of a general second-order BESO and a bandwidth-based 
second-order BESO are given. In addition, the estimation error is 
proven to be bounded and to converge in finite time.

3) The BESO is applicable in whole-state measurable multiple-
input multiple-output (MIMO) systems.

4) Detailed comparisons between the BESO and three promising 
ESO approaches are presented, and a closed-loop control applica-
tion for a structurally damaged aircraft is provided to demonstrate 
the effectiveness and efficiency of the BESO.

The main structure of this article is as follows: In section 2, the 
detailed mathematical descriptions of the problem are formulated. 
A rigorous proof of the stability of the BESO is given in section 3, 
followed by a numerical simulation comparison in section 4 and 
an application case of fault-tolerant flight control for a structurally 
2

damaged aircraft in section 5. Finally, conclusions and future plans 
are described.

2. Problem formulation

A MIMO system with parameter uncertainty, disturbance and 
measurement noise can be formulated as shown in (1) and (2).

ẋ = Ax + Bu + (�Ax + �Bu + d)︸ ︷︷ ︸
f

, (1)

xm = x + nx, (2)

where x ∈ Rn is the state vector, u ∈ Rm is the input, and A and 
B are matrices with proper dimensions. The model uncertainties 
are denoted as �A and �B , while the disturbance is referred to 
as d ∈ Rn , and (�Ax + �Bu + d) represents the so-called total 
disturbance f (x, u, d) :Rn ×Rm ×Rm �→Rn .

In general, f and its derivatives are assumed to have known 
upper bounds; however, appropriate bounds are usually difficult 
to determine in practice. As shown in (1), f contains multiple 
components, among which the external disturbance d can be time-
varying; �A and �B may be constant, slowly time-varying or 
switching functions when abrupt failure occurs; x is usually con-
sidered a relatively fast time-varying parameter but may not be 
bounded unless the system is stable or can be stabilized by the 
controller; and u is also quickly time-varying and may be a step 
signal—i.e., du/dt is infinite. Therefore, f is a complex and mul-
tisource disturbance, and using a unified boundary may lead the 
observer to be conservative or cause high gain problems.

In this paper, we represent f as a combination of two parts, 
a continuous time-varying component f a and a switching compo-
nent f b , as shown below.

f = f a + f b. (3)

Note that this paper focuses on the disturbance observation 
problem. We can assume that either system (1) is stable or the 
closed loop is stable; i.e., x is bounded. Therefore, f a and its 
derivative are also bounded as

‖ f a‖2 ≤ ma, ‖ ḟ a‖2 ≤ ωa. (4)

f b stands for abrupt interference, which may be caused by sys-
tem failure or due to a step control input, and can be expressed as 
a sum of a series of impulse functions:

ḟ b =
lb∑
i

biδ(t − ti), (5)

where bi is the disturbance increment at time ti , f b is assumed 
to be bounded as ‖ f b‖2 ≤ mb , δ(τ ) represents the unit impulse 
function, and the impulse series is assumed to be sparse, i.e.,

sup
i

(ti+1 − ti) ≥ T , (6)

where T represents the upper bound of the estimator transition 
time.

Eq. (2) illustrates that the state x can be measured but is mixed 
with noise nx , where the actual measurement is xm . nx is high-
frequency noise, which is assumed to be restricted as

‖nx‖ = mc 	 min(ma,mb). (7)

The goal of this paper is to estimate the state x and the total 
disturbance f in system (1) with an acceptable steady-state error 
and acceptable transient properties when measurement noise nx
exists.
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3. The bi-bandwidth extended state observer

In this section, the novel BESO is proposed. First, the BESO for a 
single-input single-output (SISO) system with measurement noise 
is given.

3.1. BESO for a SISO system

The SISO case for systems (1) and (2) can be described as

ẋ = ax + bu + f , (8)

xm = x + nx. (9)

The general form of a BESO for the above SISO system is given as⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

em = x̂ − xm

γ = η−sign(d|em|/dt)

˙̂x = axm + bu + f̂ + β1γ em

˙̂f = β2γ
2em

, (10)

where em is the estimation error relative to the state measurement 
and β1 and β2 are the gains of the observer. In particular, when β1

and β2 are chosen through a bandwidth approach, as in (11), the 
system is called a bandwidth-based BESO.

β1 = −2ωo, β2 = −ω2
o , (11)

where ωo > 0 is defined as the base bandwidth of the BESO.
Comparing (10) with standard ESOs, the bandwidth of the BESO 

is not related only to βi but is also affected by a new term γ . γ
is defined as the directional switching operator (DSO) of the BESO, 
and η is defined as the corresponding bi-bandwidth scaling factor 
(BSF). Because of the introduction of γ and η, the proposed BESO 
approach has some unique properties:

1) The DSO introduces additional information to ESO, i.e., the 
direction of the absolute value of the estimated error rate. Conse-
quently, the proposed BSEO has more freedom and may be more 
efficient than a traditional ESO.

2) When η is chosen to be 1, the BESO is equivalent to a 
traditional LESO. Therefore, this BESO is actually an extension of 
traditional ESOs.

3) In the case of ηi 
= 1, the proposed BESO has a so-called bi-
bandwidth property: when the estimation error is directed toward 
the origin, the bandwidth or the observer gain will be multiplied 
by η; otherwise, they will be divided by η. In particular, for a sys-
tem with measurement noise, a BESO with η < 1 outperforms one 
with η > 1.

4) There are only two degrees of freedom of the adjustable pa-
rameters of the bandwidth-based BESO, i.e., the base bandwidth 
and the BSF, which means the tuning process is relatively simple.

5) Compared to obtaining the value of the differential of em , it 
is easier and more accurate to obtain its sign. Therefore, the cal-
culation of the DSO will not affect the practicality of the proposed 
BESO.

Based on the above factors, BESO represents a synthesis of two 
LESOs with different bandwidths. Moreover, although each LESO 
is linear, the switching mechanism, i.e., the DSO, makes the BESO 
a nonlinear observer that, thus, potentially has fast tracking and 
noise suppression capabilities.

Theorem 1. The sufficient conditions for the BESO in (10) to be stable 
are as follows:

1) βi < 0 (i = 1, 2), and
2) η2 + 1/η2 − 2 < −β2/β2 .
1

3

Proof. By subtracting (8) from (10) and letting ex = x̂− x and e f =
f̂ − f , the error dynamics are formulated as{

ėx = β1γ ex + e f + (a − β1γ )nx

ė f = β2γ
2ex − ( ḟa + ḟb + β2γ

2nx)
. (12)

(12) can be rewritten as[
ėx

ė f

]
= Aγ

[
ex

e f

]
+ h, (13)

where

Aγ =
[

β1γ 1
β2γ

2 0

]
, h =

[
(a − β1γ )nx

− ḟa − ḟb − β2γ
2nx

]
. (14)

Although β1 < 0 and β2 < 0 make Aγ a Hurwitz matrix, this 
cannot guarantee the stability of the system since γ may switch 
between η and 1/η. Therefore, we need to find a positive–definite 
real symmetric matrix P that simultaneously satisfies the matrix 
inequalities

A�̄
γ P + P Aγ̄ ≤ −2μI ,

A�
γ P + P Aγ ≤ −2μI ,

(15)

where μ > 0 and

Aγ̄ =
[

β1/η 1
β2/η

2 0

]
, Aγ =

[
β1η 1
β2η

2 0

]
. (16)

The existence of P , or the so-called common quadratic Lya-
punov function (CQLF) for two arbitrary systems, is usually difficult 
to prove [46]. Fortunately, Aγ̄ and Aγ yield the following condi-
tion:

rank(Aγ̄ − Aγ ) = rank

([
β1/η − β1η 0

β2/η
2 − β2η

2 0

])
= 1. (17)

Therefore, the existence of the CQLF of the above switched sys-
tem can be simplified as 1) both Aγ̄ and Aγ are Hurwitz, and 2) 
the matrix product Aγ̄ Aγ does not have any eigenvalues on the 
negative part of the real axis [46,47]. According to (16), we have

eig(Aγ̄ Aγ ) = 0.5(σ ±
√

σ 2 − 4β2
2 ), (18)

where σ = β2(η
2 + 1/η2) + β2

1 . To ensure that Aγ̄ Aγ has no neg-
ative real eigenvalues, the following conditions must be met:

σ ≥ 0 or 2β2 < σ < 0. (19)

Note that β2 < 0; consequently, the above conditions can be sim-
plified to σ > 2β2, i.e., β2(η

2 + 1/η2) +β2
1 > 2β2. Thus, Theorem 1

is proven. �
Corollary 1. If β1 and β2 are chosen as in (11) with ωo > 0, the sufficient 
condition for the bandwidth-based BESO to be stable is 

√
2 − 1 < η <√

2 + 1.

Theorem 2. For a BESO that satisfies Corollary 1, the 2-norm of the esti-
mation error e = [ex, e f ]� is bounded, and e will exponentially converge 
to a finite error bound in each jump disturbance interval.

Proof. Denote ε = W e, where W = diag(1, ω−1
o ); (13) can be 

rewritten as

ε̇ = ωo A′
γ ε + h′, (20)

where
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A′
γ =

[−2γ 1
−γ 2 0

]
, h′ =

[
(a + 2ωoγ )nx

− ḟa
ωo

+ ωoγ
2nx

]
. (21)

Since A′
γ can be regarded as a special form of Aγ under the con-

dition ωo = 1, there exists a positive-definite symmetric matrix P ′
such that

A′�
γ̄ P ′ + P ′ A′

γ̄ ≤ −2μI

A′�
γ P ′ + P ′ A′

γ ≤ −2μI
. (22)

Note that P ′ is determined by γ and a predefined scalar μ and 
is not affected by ωo .

We can choose a candidate Lyapunov function as V = ε� P ′ε/2, 
and the derivative of V along the trajectory is

V̇ = ε�ωo(A′�
γ P ′ + P ′ A′

γ )ε + ε� P ′h′

≤ −μωo||ε||22 + λmax(P ′)||ε||2
∣∣∣∣h′∣∣∣∣

2 .
(23)

We choose

L1 = 2λ3
max(P ′)

( ||h′||2
μωo

)2

. (24)

If V (ε) > L1, it follows that

V̇ (ε) ≤ − μωo

2λmax(P ′)
V (ε). (25)

Therefore, any ε outside the bound U = {ε|V (ε) < L1} will con-
verge to U , and the convergence time is less than T , which satis-
fies

T = 2λmax(P ′)
μωo

ln
V 0

L1
, (26)

where V 0 is the initial value of V (ε).
Note that L1 is actually the bound of ε; to obtain the bound of 

e, we recall that

V (ε) = e�W P ′W e ≥ ||e||22λmin(P ′)/ω2
o . (27)

Thus, the following condition needs to hold to guarantee V (ε) >
L1:

||e||22 > L2, (28)

where

L2 = 2
λ3

max(P ′)
λmin(P ′)

( ||h||′2
μ

)2

= 2
λ3

max(P ′)
μ2λmin(P ′)

⎛
⎝(a + 2ωoγ )2n2

x +
(
ωoγ

2nx − ḟa

ωo

)2
⎞
⎠ ,

(29)

and we can further assume that fa and nx are bounded as (4) and 
(7). Therefore, (29) can be simplified to

L2 ≤ L3 = 2
λ3

max(P ′)
μ2λmin(P ′)

(
((a + 2ωoγ )2 + ω2

oγ
4)m2

c

+2γ 2ωamc +
(

ωa

ωo

)2
)

.

(30)

(30) and (26) directly illustrate Theorem 2. �
Through the above analysis, we show that observer (10) is 

bounded and is exponentially convergent when no jump is consid-
ered. If we can prove that the observer is still bounded in a interval 
4

containing a sudden jump, we say the observer is bounded in the 
whole time domain.

According to (5) and (6), fb is almost everywhere continuous 
in the time domain, and the Lebesgue integration of ḟb exists in a 
narrow interval with the following form:

t+i∫
t−i

ḟbdt = bi, (31)

where t−
i < ti < t+

i . Note that ḟb(ti) = biδ(ti) is a impulse signal 
with no sign change in [t−

i , t+
i ], we can write∣∣∣∣∣∣∣∣

t+i∫
t−i

ḟbdt

∣∣∣∣∣∣∣∣=
t+i∫

t−i

∣∣∣ ḟb

∣∣∣dt = |bi|. (32)

To complete the proof, we start from the Lyapunov function 
(23):

V̇ ≤ −μωo‖ε‖2
2 + λmax(P ′)‖ε‖2‖h′′‖2, (33)

where

h′′ =
[

(a + 2ωoγ )nx

− ḟa+ ḟb
ωo

+ ωoγ
2nx

]
=
[

(a + 2ωoγ )nx

− ḟa
ωo

+ ωoγ
2nx

]
+
[

0

− ḟb
ωo

]

= h1 + h2. (34)

Considering

−‖ε‖2
2 ≤ − V

λmax(P ′)
, ‖ε‖2 ≤

√
V

λmin(P ′)
. (35)

(33) can be expanded as

V̇ ≤ −c1 V + c2
√

V (‖h1‖2 + ‖h2‖2), (36)

where c1 = μωo/λmax(P ′) and c2 = λmax(P ′)/
√

λmin(P ′).
Divide both sides with 

√
V , we get

V̇√
V

≤ −c1
√

V + c2(‖h1‖2 + ‖h2‖2). (37)

Note that

d
√

V

dt
= V̇√

V
, (38)

we can rewrite (38) to

v̇ ≤ −c1 v + c2(‖h1‖2 + ‖h2‖2), (39)

where v = √
V . (39) is a first-order non-homogeneous linear dif-

ferential equations, therefore, its root has the following form

v(t) ≤ e−c1(t−t0)v(t0) +
t∫

t0

ec1(τ−t)c2(‖h1‖2 + ‖h2‖2)dτ . (40)

Without loss of generality, we choose t0 = t−
i and t = t+

i , recalling 
that the impulse series ḟb is assumed to be sparse, namely v(t−

i ) =
M < ∞, we can write

v(t+
i ) ≤ M +

t+i∫
t−

c2‖h1‖2dτ +
t+i∫

t−

c2

ωo
| ḟb|dτ . (41)
i i
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Combining (32), ‖h1‖2 < ∞ and t+
i − t−

i → 0, we get

v(t+
i ) ≤ M + c2

ωo
bi . (42)

Eq. (42) indicates that after a sudden bounded jump, the bound 
of ε exists. Combined with Theorem 2, we can conclude that the 
observer (10) is bounded in the whole time domain when a jump 
disturbance exists.

Remark 1. For the bandwidth-based BESO, its transient process is 
affected by the base bandwidth, and a greater ωo means faster 
convergence. In addition, the actual transient time is also affected 
by γ since it increases the pole of the error system (13) γ times.

Remark 2. For the bandwidth-based BESO, the bound of the esti-
mation error is bandwidth-related but not monotonically related 
to the base bandwidth.

Remark 2 can be derived from (29); since P ′ and μ are not 
related to ωo , the estimation error bound is actually determined 
by h′ . Furthermore, it can be seen from (30) that an increase in ωo
can reduce the impact of disturbances, but at the same time, it will 
amplify the impact of noise; thus, a higher ωo does not necessarily 
guarantee a smaller L3. This result reveals why it is difficult to 
obtain a small steady-state error and rapid transient performance 
with a constant bandwidth, such as in the LESO approach, when 
measurement noise exits.

Remark 3. For a bandwidth-based BESO with a given ωo , a smaller 
γ always contributes more to reducing the impact of noise and 
improving the steady-state accuracy.

Remarks 1 to 3 reveal the role of the base bandwidth and 
DSO of the proposed BESO. A relatively high base bandwidth and 
DSO can guarantee a rapid transient process, while a smaller DSO 
can reduce the steady-state error. Consequently, the procedure for 
choosing the design parameters of the BESO can be fairly simple.

Step 1: η should be chosen to be as close to the lower bound 
as possible to achieve a better noise suppression ability.

Step 2: An appropriate ωo can be obtained through a grad-
ual incremental test from a relatively small initial value, and the 
steady-state error and transient performance will generally first 
decrease and then increase with an increase in ωo . Thus, the rec-
ommended strategy is to choose the ωo that achieves the best 
steady-state performance.

If the second step cannot provide a suitable ωo that meets both 
the transient performance and noise suppression requirements, we 
can consider further reducing η to enhance its performance. Note 
that Corollary 1 is a sufficient condition, so the constraints on η
can potentially be relaxed, but a sufficient test is required to en-
sure stability for the given system. We have reduced η to 0.21 to 
obtain better performance, and the BESO works stably in our test 
cases.

Remark 4. Although BESO has a switch mechanism, which makes 
it similar to the sliding mode observer (SMO) or the sliding mode 
disturbance observer (SMDO) [11,12,48], this similarity can easily 
be distinguished. First and foremost, the stability of BESO does 
not depend on the switching; i.e., whether it is working in low-
bandwidth or high-bandwidth mode, BESO always converges, and 
the switching mechanism affects only its tracking and noise sup-
pression performance. Second, the switch of BESO is based on the 
direction of the state estimation error, while the sliding surface of 
SMO is mostly a function of the estimation error and its integral. 
Finally, standard SMO approaches may be more sensitive to noise 
due to the switching mechanism.
5

3.2. BESO for a MIMO system

The BESO for the MIMO system in (1) can easily be obtained 
from that for the SISO system.⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

em = x̂ − xm

γi = η
−sign(d|emi |/dt)
i

˙̂x = Axm + Bu + f̂ + β1d
γ dem

˙̂f = β2d
γ 2

dem

, (43)

where β1d
= diag(β1), β2d

= diag(β2), and γ d = diag(γ ), and 
diag(·) returns a square diagonal matrix with the elements of the 
input vector on the main diagonal. β1 and β2 can also be chosen 
through the bandwidth approach as

β1 = 2ωo,β2 = ω2
o, (44)

where ωo = [ωo1 , ωo2 , . . . , ωon ]� and ωoi represents the base 
bandwidth of the ith channel of the BESO.

The estimation error dynamics can be derived as{
ėx = β1d

γ dex + e f + Anx − β1d
γ dnx

ė f = β2d
γ 2

dex − β2d
γ 2

dnx − f a − f b

. (45)

Note that β1d
, β2d

and γ d are all diagonal. (45) can be decom-
posed into n decoupled second-order SISO systems as[

ėxi

ė f i

]
=
[

β1i γi 1
β2i γ

2
i 0

][
exi

e fi

]
−
[

0
fai + fbi

]
−
[

β1i γi

β2i γ
2
i

]
nxi

+
[

Ainx
0

]
, (46)

where i = 1 ∼ n and Ai is the ith row of A.
Consequently, the BESO for the MIMO system in (43) has ex-

actly the same properties as that for the SISO system.

4. Comparisons between four promising ESOs

In this section, the BESO and three promising ESOs, namely, an 
LESO, an AESO, and an NHGESO, are compared in detail based on a 
first-order dynamic system. To investigate the insight mechanism 
of BESO, we choose a relative simple nonlinear one-dimensional 
model. Practical processes are usually high order and strongly cor-
related, so it is difficult to investigate which factor contributes to 
the performance alternation of ESOs. The SISO one-dimensional 
model we chose has no correlation between input and state, and 
the comparison work may be relatively simple. A more practical 
case is given in the next section to validate the feasibility of the 
BESO-based control method.

ẋ = −5x + f (t) + u(t)

xm = x + nx
, (47)

where x ∈ R is measurable and has the initial state x(0) = 0, u(t)
is a constant input with amplitude 0.1, xm is a noise-contaminated 
state, there is measurement noise, nx ∼ N(0, 0.001), is a Gaussian 
white noise with variance 0.001, and f (t) is a nonlinear distur-
bance w.r.t. t that has the following form:

fa = 0.1 sin(0.4t) + 0.2 sin(0.2t)

fb =
{

0, t < 6 or t ≥ 13

1, 6 ≤ t < 13

f = f + f ,

(48)
a b
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Fig. 1. Actual state.

Fig. 2. Actual disturbance.

Table 1
Estimation performance indexes.

State estimation index Jex

1

t

t∫
0

||x − x̂||1dτ

Disturbance estimation index Je f

1

t

t∫
0

|| f − f̂ ||1dτ

where fa is a relatively small periodic disturbance and fb is a 
larger abrupt disturbance. The trajectory and disturbances of the 
actual system are shown in Figs. 1 and 2.

To quantify the performances of the four ESOs, we introduce 
the performance indexes shown in Table 1.

4.1. Performance evaluation of ESOs

The evaluation is performed by optimizing the parameters of 
each ESO to obtain the best Jex and Je f for system (47) and then 
comparing the optimal results of each approach.

4.1.1. LESO
For the LESO, the adjustable parameter is the designed band-

width [19], referred to as ω. As ω varies from 4 to 20 rad/s, the 
indexes are as listed in Table 2.

The best bandwidth in this scenario is 10 rad/s, which leads 
to the best Jex and the second smallest Je f . To show the de-
tailed influences on the observation performance of the LESO due 
to bandwidth alternation, we choose 4, 10 and 20 rad/s as exam-
6

Fig. 3. State estimation errors of the LESO.

Fig. 4. Disturbance estimation errors of the LESO.

ples. The estimation errors for the state and disturbance with the 
above bandwidths are shown in Figs. 3 and 4.

As shown in Figs. 3 and 4, the greater the bandwidth, the faster 
the transient processes that start at t = 6 s and t = 13 s are, and 
the more deteriorated the steady-state behaviors of the LESO are. 
This is the contradiction between the transient performance and 
noise attenuation in the LESO.

4.1.2. AESO
The gains of the AESO are calculated via formulas (64) and (54) 

in [42]. For a measurement noise variance of 0.001, it is straight-
forward that R = 0.001 and P0 = diag(0.001, 0.001). However, for 
Q , it is relatively difficult to choose. Theoretically, Q = 1 for the 
jump disturbance; however, choosing such a Q would result in un-
acceptably high gains, leading to an unstable observer. Otherwise, 
we ignore the jump feature of f and search for an appropriate Q
in the range from 0.0005 to 0.032; the two indexes are listed in 
Table 3.

The best Q in this scenario is 0.004. We choose 0.0005, 0.004 
and 0.032 as examples. The estimation errors for the state and dis-
turbance with the corresponding gains are shown in Figs. 5 and 
6.

The indexes show faint differences from the LESO case, but the 
AESO observations are smoother, which indicates its ability to cope 
with measurement noise. The reason the performance of AESO is 
not as good as that in [42] is that the disturbance f (t) has a jump 
component in our simulation, while the case in [42] is smooth over 
the whole span. Therefore, ( f i(t) − f (ih))( f i(t) − f i(ih))� ≤ 0.004
is violated in some instances, which may contribute to the perfor-
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Table 2
Indexes of the LESO with a bandwidth varying from 4 to 20.

ω (rad/s) 4 6 8 10 12 14 16 18 20

Jex 0.008977 0.006394 0.005927 0.006095 0.006511 0.00697 0.00743 0.007876 0.008309
Je f 0.1012 0.06574 0.0541 0.05151 0.05391 0.0593 0.06677 0.07567 0.08564

Table 3
Indexes of the AESO as Q varies from 0.0005 to 0.032.

Q 0.0005 0.001 0.002 0.004 0.008 0.016 0.032

Jex 0.01531 0.01030 0.007579 0.0063437 0.0061155 0.0063718 0.0070548
Je f 0.08334 0.059145 0.049347 0.050313 0.058732 0.075283 0.10336
Fig. 5. State estimation errors of the AESO.

Fig. 6. Disturbance estimation errors of the AESO.

mance degradation. As Q grows, the overshoot immediately after 
the disturbance injection becomes high; otherwise, it lasts over a 
long period to converge to the actual trajectories. Therefore, choos-
ing a suitable Q could be a challenge in the AESO for systems with 
abrupt and strong or rapidly varying disturbances.

4.1.3. NHGESO
For the above LESO and AESO, the gains are designed at the 

very beginning once and for all. However, according to the afore-
mentioned cases, we already know that the observations deviate 
from the actual trajectories when abrupt disturbances are injected. 
If gains are leveled up in the injection instants, we can expect 
a faster transient process. However, observation errors are con-
tributed primarily from measurement noise in the steady state; 
if the gains are switched to relatively small gains, the noise am-
7

Fig. 7. State estimation errors of the NHGESO.

Fig. 8. Disturbance estimation errors of the NHGESO.

plification by the high gains in the observations in the AESO and 
LESO scenarios can be attenuated. [44] used this strategy to cope 
with bounded measurement noise in state observers, and we ex-
tend their ideas to ESOs. We denote ω1 = 1/ε1 and ω2 = 1/ε2 and 
set ω1 = 200ω2. In [44], the ratio of ω1 and ω2 is greater than 
1000; such a high ratio may cause extended state observer diver-
gence because of the unbounded normally distributed measure-
ment noise. The switching bound d is 0.06, and when ω1 varies 
from 4 to 20, the two indexes are as listed in Table 4

Similar to the above two cases, we choose 4, 10 and 20 rad/s as 
examples. The estimation errors for the state and disturbance are 
shown in Figs. 7 and 8.

As shown in Figs. 7 and 8, the estimation results of the NHGESO 
are not as smooth as the results of the first two methods; they 
exhibit an obvious switch at the d-bound and show only a small 
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Table 4
Indexes of the NHGESO as the bandwidth ω1 varies from 4 to 20.

ω1 (rad/s) 4 6 8 10 12 14 16 18 20

Jem 0.01466 0.009059 0.006981 0.006323 0.00625 0.006604 0.007088 0.007646 0.008467
Je f 0.1038 0.06652 0.05227 0.04869 0.05112 0.05814 0.06782 0.07851 0.09151

Table 5
Indexes of the BESO with a base bandwidth varying from 4 to 20.

ωo (rad/s) 4 6 8 10 12 14 16 18 20

Jex 0.005636 0.004666 0.004827 0.005179 0.005701 0.006174 0.006627 0.007054 0.007519
Je f 0.05975 0.04448 0.04277 0.0461 0.05422 0.06345 0.07406 0.08571 0.09943
Table 6
Performance indexes of the four ESOs.

– BESO LESO AESO NHGESO

Jex 0.004827 0.006095 0.006344 0.006323
Jex / J∗

ex
1 100.0% 126.3% 131.4% 131.0%

Je f 0.04277 0.05151 0.05031 0.04869
Je f / J∗

e f
2 100.0% 120.4% 117.6% 113.8%

1,2 J∗
ex

and J∗
e f

represent the best values among the four ESOs.

Fig. 9. State estimation errors of the BESO.

advantage over the LESO and AESO with the optimal parameters, 
which is contributed by the unbounded-measurement white noise, 
as will be illustrated in section 4.2.

4.1.4. BESO
The BESO has two adjustable parameters: the base bandwidth 

ωo and the BSF η. We choose η = 0.42, which is very close to its 
lower bound. When ωo varies from 4 to 20 rad/s, the two perfor-
mance indexes are as listed in Table 5.

As shown in Table 5, as ωo increases, Jex and Je f gradually 
decrease and then increase, reaching the optimal values at ap-
proximately 8 rad/s. The best indexes of the 4 ESOs are shown 
in Table 6, and the BESO is clearly superior among the four meth-
ods, showing improvements of more than 26% in Jex and 13% in 
Je f .

As usual, we choose the lowest, highest and optimal band-
widths as examples, and the estimation errors for the state and 
disturbance are given in Figs. 9 and 10.

As shown in Figs. 9 and 10, the responses are very smooth, 
similar to those of the LESO and AESO, indicating that the DSO has 
no visible impact on the estimation results. Notably, the BESO with 
ωo = 4 has a good noise attenuation capability, like the LESO and 
NHGESO, yet still has a faster transient process and a smaller peak 
error.
8

Fig. 10. Disturbance estimation errors of the BESO.

Table 7
Indexes in different time intervals.

Time Interval (s) 0–6 6–10 10–13 13–17 17–20

Jex

LESO 0.0052 0.0070 0.0053 0.0083 0.0045
AESO 0.0029 0.0100 0.0034 0.0119 0.0039
NHGESO 0.0063 0.0070 0.0050 0.0091 0.0031
BESO 0.0040 0.0057 0.0049 0.0062 0.0033

Je f

LESO 0.029 0.0847 0.0293 0.0905 0.0228
AESO 0.0239 0.0841 0.0223 0.0938 0.0282
NHGESO 0.0378 0.0659 0.0312 0.0811 0.0218
BESO 0.0264 0.068 0.0337 0.0657 0.0198

To analyze the performance of the transient and steady-state 
periods separately, we divide the whole simulation span into 5 in-
tervals, where 0–6 s, 10–13 s and 17–20 s are the steady-state 
periods and 6–10 s and 13–17 s are the transient periods. For the 
case in which all four ESOs are configured with their optimal pa-
rameters, Table 7 gives the two indexes in different time intervals.

In the steady-state period, the AESO always has the best perfor-
mance in both the state and disturbance channels, and BESO is the 
second best. In transient periods, the BESO always has the best es-
timation performance after a jump disturbance injection, and the 
AESO degrades significantly in these intervals. To evaluate the tran-
sient performance, the time needed for the four ESOs to converge 
into strips ex < 0.01 and e f < 0.1 is given in Table 8.

The transient times indicate that the BESO is far faster than the 
other methods. For a detailed discussion, the estimation results for 
the state and disturbance produced by the four ESOs with their 
optimal parameters are shown in Figs. 11 and 12.

According to the simulation results, three advantages of the 
BESO for systems with measurement noise are highlighted. First, 
the BESO has a faster transient process than that of the other 
three methods, yet it is implemented via a relatively low base 
bandwidth, which implies a preferred noise attenuation. Second, 
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Table 8
Transient time.

Jump time (s) State ts (s) Disturbance ts (s)

6 13 6 13

LESO 0.665 0.701 0.503 0.502
AESO 0.802 0.901 0.685 0.901
NHGESO 0.77 0.555 0.655 0.515
BESO 0.280 0.440 0.335 0.440

Fig. 11. State estimation with the four ESOs.

Fig. 12. Disturbance estimation with the four ESOs.

the BESO has no overshoot, even though the optimal switched 
high bandwidth (ωo/η ≈ 19) is much greater than the equivalent 
bandwidth (

√
41.1595 ≈ 6.5) of the AESO’s disturbance estimation 

channel. Finally, the two indexes of the BESO increase by at least 
13%, which indicates its effectiveness. These results demonstrate 
that the BESO indeed alleviates the contradiction between a fast 
transient process and steady-state noise attenuation.

4.2. Robustness of the ESOs to disturbance and noise changes

In the above case, we discussed estimations of unaltered dis-
turbances and noise, and the best parameters of the ESOs were 
designed or sought such that they were compatible with the given 
scenario. However, disturbances and measurement noise are usu-
ally not steady in physical systems; thus, a practical ESO should 
also be robust in non-nominal situations.

To study the impacts due to periodic disturbance frequency 
variations, we replace fa in (48) with the following form and keep 
the other parameters consistent with the previous case.
9

Fig. 13. Jex vs. frequency variation.

Fig. 14. Je f vs. frequency variation.

fa = 0.1 sin(0.4kt) + 0.2 sin(0.2kt), (49)

where k is the frequency multiplier. As k varies from 1 to 1.8, the 
two indexes of the four ESOs with the optimal parameters for k = 1
are shown in Figs. 13 and 14. A significant performance degrada-
tion of the AESO and NHGESO can be found for the state estima-
tion error, while the curves of the BESO and LESO have similar 
trends, indicating that they are less affected by frequency changes.

Additionally, the four ESOs have different sensitivities to mea-
surement noise. To quantify these sensitivities, we replace nx with 
the following form, while the other parameters remain unchanged:

nx ∼ N(0,0.001k). (50)

As k varies from 1 to 1.8, the two indexes of the four ESOs with 
the optimal parameters for k = 1 are shown in Figs. 15 and 16.

As shown in these figures, the BESO always achieves relatively 
good performance among the four ESOs, which means it shows 
better robustness than the others to an unsteady frequency of 
the periodic disturbance and a varying noise power. Moreover, the 
AESO and NHGESO degrade quickly as the frequency of the pe-
riodic disturbance and noise power change because for the AESO 
and NHGESO, we need prior information. Q and a noise bound are 
needed to design the gains or switch bounds, but this prior infor-
mation is usually unsteady. When these assumptions are violated 
by alternating conditions, the performance inevitably deteriorates.

5. A BESO-based closed-loop structurally damaged GTM control 
framework

The reason we want to improve the observation performance 
of ESOs is that we desire to obtain good closed-loop performance 
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Fig. 15. Jex vs. noise variation.

Fig. 16. Je f vs. noise variation.

using ESO-based approaches. As we have already demonstrated the 
efficiency and effectiveness of the BESO, we will use BESO-based 
disturbance rejection approach for a complex structurally damaged 
generic transport model (GTM) attitude control problem. The aim 
is to study whether the BESO still shows good performance for 
systems with high-order, coupling and strong disturbance.

The GTM was developed by NASA for the Intelligent Resilient 
Aircraft project of the Aviation Safety Program, and it has been 
widely used in research on structural damage control algorithms 
[49,50]. The steady operation point of a normal GTM is set as fol-
lows:

θ = 4.0962◦, φ = 0◦,ψ = 0◦, p = 0◦/s,q = 0◦/s, r = 0◦/s,

V = 46.3m/s,α = 4.0962◦, H = 304.8m, β = 0◦, X = 0m,

Y = 0m, δe = 1.7721◦, δa = 0◦, δr = 0◦,
(51)

where θ , φ and ψ are the pitch, roll and yaw angles, respectively; 
p, q and r denote the roll, pitch and yaw angular velocities, respec-
tively; V is the airspeed; α is the angle of attack; β is the sideslip 
angle; H , X and Y represent the position of the aircraft; and δe , δa

and δr are the deflections of the aileron, elevator and rudder, re-
spectively. All the following state increments and control surface 
deflections have the same units as in (51).

The GTM can be formed as a linear time-varying model as ex-
pressed in (52) [50]:

ẋ = A(μ)x + B(μ)u + H(μ)z + d(μ), (52)

where x = [�θ, �φ, �ψ, �q, �p, �r]� is the attitude-related state 
vector, z = [�V , �α, �H, �β, �X, �Y ]� is the position-related 
10
Fig. 17. State estimation.

vector, u = [�δe, �δa, �δr]� is the deflection of the control sur-
faces, μ ∈ [0, 100%] is the percentage of wing damage, d is the 
unknown disturbance function of μ, which represents the large 
rotational torque caused by abrupt structural damage, namely, left 
wing tip loss in our simulation. Usually, d is a jump signal that is 
difficult to estimate on-line. Please refer to the Appendix for d of 
20% wing damage.

When the left wing tip loses μ of its area, the damage model 
can transform into the nominal one with the lumped uncertainty 
f , as expressed in (53):

ẋ = A(μ0)x + B(μ0)u + f , (53)

where f is the combination of parameter uncertainty, external dis-
turbance, state and input, as

f = �Ax + �Bu + H(μ)z + d(μ), (54)

�A = A(μ) − A(μ0), �B = B(μ) − B(μ0), and μ0 = 0.
To achieve a desirable closed-loop performance, a reference 

model is given as

ẋ = Amx + Bmr, (55)

in which

Am =
[

0 I
−ω2 I −2ξωI

]
, Bm =

[
0

ω2 I

]
, (56)

where ω = 5 rad/s and ξ = 0.7 are selected for the desired dynam-
ics.

Since f is unmeasurable, we can use the BESO in (43) to es-
timate f and substitute f with the estimate f̂ ; then, the control 
input has the following form:

u = −(B(μ0)
� B(μ0))

−1 B(μ0)
� f̂ − K �x

+(B(μ0)
� B(μ0))

−1 B(μ0)
� Bmr.

(57)

We also set η = 0.42 for stability. Through a linear search, we 
find that a BESO with base bandwidth ωo = 24 rad/s shows bet-
ter performance than other BESOs. The variance of the noise is 
σ nx = [0.01, 0.01, 0.01, 0.001, 0.005, 0.005]� . The total simulation 
span is 20 s; the aircraft is undamaged in the time interval 0–5 s, 
the abrupt 20% left wing tip loss is injected at t = 5 s, and the in-
cremental attitude command r = [−5◦, 5◦, 5◦]� is given at t = 12
s. The estimations of the states (channel φ, θ, ψ ), lumped uncer-
tainties (channel φ̇, θ̇ , ψ̇ ), tracking trajectories and control surface 
deflections are given in Figs. 17, 18, 19 and 20, respectively.

There is deviation in the roll channel, but no notable deviations 
exist in the pitch and yaw channels. Additionally, the deflections 
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Fig. 18. Lumped uncertainty estimation.

Fig. 19. State tracking.

Fig. 20. Control surface deflection.

of the control surface are both less than 8◦ . The results show that 
the BESO-based approach has good tracking performance and noise 
attenuation capabilities, indicating the feasibility of the BESO for 
abruptly strongly disturbed systems.

6. Conclusion

In this paper, we propose a novel ESO approach that is eas-
ily implemented and has the so-called bi-bandwidth property. The 
proposed approach yields a significant performance improvement 
compared to existing methods and is less sensitive to drifts in the 
11
disturbance frequency and noise variance. The closed-loop control 
of the GTM demonstrates its validity for MIMO systems. Future 
work will focus on expanding the feasible range of the BSF, which 
may further improve the performance of the BESO.
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Appendix A

The parameters of the GTM aircraft are as follows:

A(μ0) =

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 1 0 0
0 0 0 0 1 0.0716
0 0 0 0 0 1.0026
0 0 0 −3.0362 0 0
0 0 0 0 −4.6576 0.5481
0 0 0 0 −0.3932 −1.0176

⎤
⎥⎥⎥⎥⎥⎦ (58)

B(μ0) =

⎡
⎢⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0

−43.2662 0 0
0 39.5686 11.1409
0 3.2818 −28.5370

⎤
⎥⎥⎥⎥⎥⎦ (59)

A(20%) =

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 1 0 0
0 0 0 0 1 0.0716
0 0 0 0 0 1.0026
0 0 0 −3.0217 −0.0613 0.0028
0 0 0 −0.1264 −4.2841 0.5353
0 0 0 −0.0134 −0.3640 −1.0222

⎤
⎥⎥⎥⎥⎥⎦ (60)

B(20%) =

⎡
⎢⎢⎢⎢⎢⎣

0 0 0
0 0 0
0 0 0

−43.2900 1.2257 −0.0223
0.3138 34.9176 11.2295
0.0105 2.9083 −28.6308

⎤
⎥⎥⎥⎥⎥⎦ (61)

d(20%) = [ 0 0 0 24.25 −219.15 −23.84
]� (62)

H(20%) =⎡
⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

1.0466 −25.2807 −0.0030 −0.3201 0 0
−9.4686 −43.4185 0.0270 −73.1188 0 0
−1.0362 −5.9947 0.0029 25.1788 0 0

⎤
⎥⎥⎥⎥⎥⎦

(63)

K =

⎡
⎢⎢⎢⎢⎢⎣

−0.5778 0 0
0 0.6120 0.0704
0 0.2389 −0.8486

−0.0916 0 0
0 0.0536 0.0199
0 0.0706 −0.2015

⎤
⎥⎥⎥⎥⎥⎦ (64)
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